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Abstract

In this paper we analyze the influence of observed and unobserved initial values on
the bias of the conditional maximum likelihood or conditional sum-of-squares (CSS, or
least squares) estimator of the fractional parameter, d, in a nonstationary fractional
time series model. The CSS estimator is popular in empirical work due, at least in part,
to its simplicity and its feasibility, even in very complicated nonstationary models.

We consider a process, X;, for which data exist from some point in time, which we
call =Ny + 1, but we only start observing it at a later time, ¢ = 1. The parameter
(d, i1, 02) is estimated by CSS based on the model Ad(X;—u) = ¢4, t = N+1,..., N+T,
conditional on X7, ..., Xy. We derive an expression for the second-order bias of d as a
function of the initial values, Xy, t = —Ng+1,..., N, and we investigate the effect on
the bias of setting aside the first N observations as initial values. We compare d with
an estimator, CZC, derived similarly but by choosing p = C'. We find, both theoretically
and using a data set on voting behavior, that in many cases, the estimation of the
parameter p picks up the effect of the initial values even for the choice N = 0.

If Nyg = 0, we show that the second-order bias can be completely eliminated by a
simple bias correction. If, on the other hand, Ny > 0, it can only be partly eliminated
because the second-order bias term due to the initial values can only be diminished by
increasing V.

Keywords: Asymptotic expansion, bias, conditional inference, fractional integration,
initial values, likelihood inference.
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1 Introduction

One of the most commonly applied inference methods in nonstationary autoregressive (AR)
models, and indeed in all time series analysis, is based on the conditional sum-of-squares
(CSS, or least squares) estimator, which is obtained by minimizing the sum of squared resid-
uals. The estimator is derived from the Gaussian likelihood conditional on initial values and
is often denoted the conditional maximum likelihood estimator. For example, in the AR(k)
model we set aside k observations as initial values, and conditioning on these implies that
Gaussian maximum likelihood estimation is equivalent to CSS estimation. This methodology
was applied in classical work on ARIMA models by, e.g., Box and Jenkins (1970), and was
introduced for fractional time series models by Li and McLeod (1986) and Robinson (1994),
in the latter case for hypothesis testing purposes. The CSS estimator has been widely ap-
plied in the literature, also for fractional time series models. In these models, the initial
values have typically been assumed to be zero, and as remarked by Hualde and Robinson
(2011, p. 3154) a more appropriate name for the estimator may thus be the truncated sum-
of-squares estimator. Despite the widespread use of the CSS estimator in empirical work,
very little is known about its properties related to the initial values and specifically related
to the assumption of zero initial values.

Recently, inference conditional on (non-zero) initial values has been advocated in the-
oretical work for univariate nonstationary fractional time series models by Johansen and
Nielsen (2010) and for multivariate models by Johansen and Nielsen (2012a)—henceforth
JN (2010, 2012a)—and Tschernig, Weber, and Weigand (2013). In empirical work, these
methods have recently been applied by, for example, Carlini, Manzoni, and Mosconi (2010)
and Bollerslev, Osterrieder, Sizova, and Tauchen (2013) to high-frequency stock market data,
Hualde and Robinson (2011) to aggregate income and consumption data, Osterrieder and
Schotman (2011) to real estate data, and Rossi and Santucci de Magistris (2013) to futures
prices.

In this paper we assume the process X, exists for t > — Ny+1, and we derive the properties
of the process from the model given by the truncated fractional filter AiONO (X — o) = &4 with
gt ~ 1.i.d.(0, 0?), for some dy > 1/2. However, we only observe X; fort = 1,...,To = N+T,
and so we estimate (d, 1, 0?) from the conditional Gaussian likelihood for Xx1,..., Xyir
given X1, ..., Xy, which defines the CSS estimator d. Our first result is to prove consistency
and asymptotic normality of the estimator of d. This is of interest in its own right, not only
because of the usual issue of non-uniform convergence of the objective function, but also
because the estimator of p is in fact not consistent when dy > 1/2. We then proceed to
derive an analytical expression for the asymptotic second-order bias of d via a higher-order
stochastic expansion of the estimator. We apply this to investigate the magnitude of the
influence of observed and unobserved initial values, and to discuss the effect on the bias of
setting aside a number of observations as initial values, i.e., of splitting a given sample of
size Ty = N 4+ T into N initial values and T" observations for estimation. We compare d with
an estimator, cfc, derived from centering the data at C' by restricting © = C'. We find, both
theoretically and using a data set on voting behavior as illustration, that in many cases, the
parameter u picks up the effect of the initial values even for the choice N = 0.

Finally, in a number of relevant cases, we show that the second-order bias can be elimi-
nated, either partially or completely, by a bias correction. In the most general case, however,
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it can only be partly eliminated, and in particular the second-order bias term due to the
initial values can only be diminished by increasing the number of initial values, V.

In the stationary case, 0 < d < 1/2, there is a literature on Edgeworth expansions of
the distribution of the (unconditional) Gaussian maximum likelihood estimator based on
the joint density of the data, (Xi,..., X7) in the model (1). In particular, Lieberman and
Phillips (2004) find expressions for the second-order term, from which we can derive the
main term of the bias in that case. We have not found any results on the nonstationary case,
d > 1/2, for the estimator based on conditioning on initial values.

The remainder of the paper is organized as follows. In the next section we present the
fractional models and in Section 3 our main results. In Section 4 we give an application of
our theoretical results to a data set of Gallup opinion polls. Section 5 concludes. Proofs of
our main results and some mathematical details are given in the appendices.

2 The fractional models and their interpretations
A simple model for fractional data is
AN X —p) =&, & ~i.0.d.(0,0%), t=1,...,T, (1)

where d > 0, i € R, and 6% > 0. The fractional filter AYX, is defined in terms of the
fractional coefficients 7, (u) from an expansion of (1 — z)™* =3 >  m,(u)z", i.e.,
wu+1)...(u+n-—1) [(u+n) nu1

(1) = n! h ['(u)l(n+1) ~ [(u) s n e @)

where I'(u) denotes the Gamma function and “~” denotes that the ratio of the left- and
right-hand sides converges to one. More results are collected in Appendix A.

For a given value of d such that 0 < d < 1/2, we have Y > m,(d)* < co. In this case,
the infinite sum X; = A~%, = > ' m,(d)e;_, exists as a stationary process with a finite
variance, and gives a solution to equation (1) because Ay = > 1, (—d)u = 0.

When d > 1/2, the solution to (1) is nonstationary. In that case, we discuss below two
interpretations of equation (1) as a statistical model. First as an unconditional (joint) model
of the stationary process AXj,...,AXy when 1/2 < d < 3/2, and then as a conditional
model for the nonstationary process Xy1, ..., Xyir given initial values when d > 1/2. In
the latter case we call X; an initial value if £ < N and denote the initial values X,,,n < N,
and we assume, see Section 2.2, that the variables we are measuring started at some point
— Ny + 1 in the past, and we truncate the fractional filter accordingly.

2.1 The unconditional fractional model and its estimation

One approach to the estimation of d from model (1) with nonstationary data is the difference-
and-add-back approach based on Gaussian estimation for stationary processes. If we have the
a priori information that 1/2 < d < 3/2, say, then we could transform the data X, ..., Xr
to AXr = (AXy,...,AX7)" and note that (1) can be written

Ad_lA(Xt — [L) = &¢,

so that AX, is stationary and fractional of order —1/2 < d—1 < 1/2. Note that Ay = 0, so
the parameter 1 does not enter. To calculate the unconditional Gaussian likelihood function,
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we then need to calculate the T' x T' variance matrix ¥ = %(d, 0?) = Var(AXyr), its inverse,
¥ 71, and its determinant, det ¥.. This gives the Gaussian likelihood function,

1 1
-3 log det ¥ — §AX’TE‘1AXT. (3)

A general optimization algorithm can then be applied to find the maximum likelihood es-
timator, (istat, if ¥ can be calculated. This is possible by the algorithm in Sowell (1992).
The estimator dg,; is not a CSS estimator, which is the class of estimators we study in this
paper, but it was applied by Byers, Davidson, and Peel (1997) and Dolado, Gonzalo, and
Mayoral (2002) in the analysis of the voting data, and by Davidson and Hashimzade (2009)
to the Nile data.

The estimator d,; was analyzed by Phillips and Lieberman (2004) for true value dy <
1/2. They derived an asymptotic expansion of the distribution function of T/ Q(Jstat — dp),
from which a second-order bias correction of the estimator can be derived, see Section 3.2.

In more complicated models than (1), the calculation of ¥ may be computationally
difficult. This is certainly the case in, say, the fractionally cointegrated vector autoregressive
model of JN (2012a). However, even in much simpler models such as the usual autoregressive
model, a conditional approach has been advocated for its computational simplicity, e.g.,
Box and Jenkins (1970), because conditional maximum likelihood estimation simplifies the
calculation of estimators by reducing the numerical problem to least squares. For this reason,
the conditional estimator has been very widely applied to many models, including (1). For
a discussion and comparison of the numerical complexity of Gaussian maximum likelihood
as in (3) and the CSS estimator, see e.g. Doornik and Ooms (2003).

2.2 The observations and initial values

It is difficult to imagine a situation where {X,}7__ is available, so that (1) could be applied.
In general, we assume data could potentially be available from some (typically unknown)
time in the past, — Ny + 1, say. We therefore truncate the filter at time —Np; that is, define
ALy Xy =S 1, (—=d) X, and consider

AiNO(Xt_u>:€t7 tzl,...,To. (4)

as the model for the data we actually observe, namely X, fort = 1,... . N +T = Ty. In
practice, when Ny > 0, we do not observe all the data, and so we have to decide how to split
a given sample of size Ty = N + T into (observed) initial values {X,,}_; and observations
{X:}_y41 to be modeled, and then calculate the likelihood based on the truncated filter
A¢, as an approximation to the conditional likelihood based on (4). In the special case with
Ny = 0, the equations in (4) become

X1 = u+e, (5)
X2 = —Wl(—d)Xl +u+ 7r1(—d),u + €9,

etc., and p can thus be interpreted as the initial mean or level of the observations. Clearly, if
1 is not included in the model, the first observation is X; = £; with mean zero and variance
o%. The lag length builds up as more observations become available.

As an example we take (an updated version of) the Gallup poll data from Byers et al.
(1997) to be analyzed in Section 4. The data is monthly from January 1951 to November
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2000 for a total of 599 observations. In this case the data is not available for all ¢ simply
because the Labour party was founded in 1900, and the Gallup company was founded in
1935, and in fact the regular Gallup polls only started in January 1951, which is denoted

As a second example, consider the paper by Andersen, Bollerslev, Diebold, and Ebens
(2001) which analyzes log realized volatility for companies in the Dow Jones Industrial
Average from January 2, 1993, to May 28, 1998. For each of these companies there is an
earlier date, which we call —Ny 4+ 1, where the company became publicly traded and such
measurements were made for the first time. The data analyzed in Andersen et al. (2001) was
not from —Ny+1, but only from the later date when the data became available on CD-ROM,
which was January 2, 1993, which we denote ¢t = 1. We thus do not have observations from
—Np+1 to 0.

We summarize this in the following display, which we think is representative for most, if
not all, data in economics:

Xy XwenXo . X Xy Xngooo, X (6)
N—— ~ N———e— —————
Data does not exist Data exists Data is observed Data is observed
but is not observed (initial values) (estimation)

Thus, we consider estimation of
Ag(Xt_,u):gt’ t:].,...,Tg, (7)

as an approximation to model (4). Unlike for (4), the conditional likelihood for (7) can
be calculated based on available data from 1 to Ty. For a fast algorithm to calculate the
fractional difference, see Jensen and Nielsen (2014).

In summary, we use A% Ny (Xt — 1) = &; as the model we would like to analyze. However,
because we only have data for t = 1,. .., Ty, we base the likelihood on the model Ad(X;—pu) =
et, for which an approximation to the conditional likelihood from (4) can be calculated with
the available data. We then try to mitigate the effect of the unobserved initial values by
conditioning on X1i,..., Xy.

2.3 The conditional fractional model

Let parameter subscript zero denote true values. In the conditional approach we interpret
equation (4) as a model for X; given the past F;_1 = o(X_pny41,--.,X¢—1) and therefore
solve the equation for X; as a function of initial values, errors, and the initial level, . The
solution to (1) is given in JN (2010, Lemma 1) under the assumption of bounded initial
values, and we give here the solution of (4).

Lemma 1 The solution of model (4) for Xn+1,- .., Xz, conditional on initial values X,, —Ny <
n<N,is, fort=N+1,...,Ty, given by
t+Nop—1
Xy = A]_Vdogt - A]_vdo Z T (—do) Xi—n + A]_VdOWtJrNO—l(—do + 1) p1o. (8)
n=t—N

We find the conditional mean and variance by writing model (4) as X; — p = (1 —
Ay )Xy — ) + €. Because (1 — A%y ) (X, — p) is a function only of the past, we find

BE(X; — plFim1) = (1 - AiNo)(Xt — p) and Var(X;|F, 1) = Var(e) = o°.
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As an example we get, for d = 1 and p = 0, the well- known result from the autoregressive
model that E(X;|F;_1) = X;—1 and Var(Xt\]:t 1) = 0. In model (4) this implies that the
prediction error decomposition given X,,, —Ny < n < N, is the conditional sum of squares,

To

(Xi — BE(Xy|Fi1))® 2 5
Z Var(X|F,_1) Z _N" — )

t=N+1 t=N+1

which is used in the conditional Gaussian likelihood function (9) below.
2.4 Estimation of the conditional fractional model

We would like to consider the conditional (Gaussian) likelihood of {X;, N +1 < ¢ < T}
given initial values {X,,, =Ny + 1 <n < N}, which is given by

T 1 &
9 logo® — 202 (AiNo (Xi — ) (9)
t=N-+1

If in fact we have observed all available data, such that Ny = 0 as in, e.g., the Gallup poll
data we can use (9) for Ny = 0. More commonly, however, data is not available all the way
back to inception at time —Ny + 1, so we consider the situation that the series exists for
t > — Ny, but we only have observations for ¢ > 1, as in the volatility data example. We
therefore replace the truncated filter A9 , by Ad and suggest using the (quasi) likelihood
conditional on {X,,1 <n < N},

To
T 1
L(d, u, 0%) = —5 log o - 257 D (ANX = ). (10)
t=N+1

That is, (10) is an approximation to the conditional likelihood (9), where (10) has the
advantage that it can be calculated based on available data from ¢t =1 to Ty = N + T It is
clear from (10) that we can equivalently find the (quasi) maximum likelihood estimators of

d and g by minimizing
To

L) =5 3 (AKX, ) (1)

t=N+1
with respect to d and pu.
We find from (46) in Lemma A.4 that

AJ(Xy — ) = AfX, — an(—d)u = AJXy — mo(—d 4+ 1) = AJX, — kou(d)p,

where we have introduced kg (d) = 7rt_1(—d + 1). The estimator of yu for fixed d is

t N+1 (AdXt)"’fOt(d)
Zt:N—i-l Kot (d)?

provided Y270 | 1 Kot(d)? > 0. The conditional quasi-maximum likelihood estimator of d can
then be found by minimizing the concentrated objective function

D)=L 30 (any - L (A8 (d) 12

2 t=N+1 2 Zt:N-‘,—l Kot (d)?

fi(d) =

Y
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which has no singularities at the points where >/° 1 Koe(d)® = 0, see Theorem 1. Thus,
the conditional quasi-maximum likelihood estimator d can be defined by

d = arg Idr}e%lL (d) (13)

for a parameter space D to be defined below.

This is a type of conditional-sum-of-squares (CSS) estimator for d. The first term of (12)
is standard, and the second takes into account the estimation of the unknown initial level p
at the inception of the series at time — Ny + 1.

For d = dy and j = py we find, provided ZtTiNH kot(do)? > 0, that

. ZQNH 5tﬁ0t(d0)

S v For(do)?

which has mean zero and variance 02(3°;° ., koi(do)?) " that does not go to zero when

dy > 1/2 because then o, ZQNH kot(dp)? is bounded in Ty, see (59) in Lemma B.1. Thus
we have that, even if d = dy, fi(dy) is not consistent.

In the following we also analyze another estimator, cfc, constructed by choosing to center
the observations by a known value rather than estimating p as above. The known value,
say C, used for centering, could be one of the observed initial values, e.g. the first one, or
an average of these, or it could be any known constant. This can be formulated as choosing
= C in the likelihood function (10) and defining

fi(do) — po

d. = argmin L;(d), (14)
1 &
Li(d) = 5 > (AjX - 0)), (15)
t=N+1

which is also a CSS estimator. A commonly applied estimator is the one obtained by not
centering the observations, i.e. by setting C' = 0. In that case, an initial non-zero level of
the process is therefore not taken into account.

The introduction of centering and of the parameter u, interpreted as the initial level
of the process, thus allows analysis of the effects of centering the observations in different
ways (and avoid the, possibly unrealistic, phenomenon described immediately after (5) when
i = 0). We analyze the conditional maximum likelihood estimator, CZ, where the initial
level is estimated by maximum likelihood jointly with the fractional parameter, and we also
analyze the more traditional CSS estimator, dc, where the initial level is “estimated” using
a known value C, e.g. zero or the first available observation, Xj.

In practice we split a given sample of size To = N + T into (observed) initial values
{X,})_, and observations {X;},"",; to be modeled, and then calculate the likelihood (12)
based on the truncated filter A as an approximation to the model (4) starting at — Ny + 1.
In order to discuss the error implied by using this choice in the likelihood function, we
derive in Theorem 2 a computable expression for the asymptotic second-order bias term in
the estimator of d via a higher-order stochastic expansion of the estimator. This bias term
depends on all observed and unobserved initial values and the parameters. In Corollary 1
and Theorems 3 and 4 we further investigate the effect on the bias of setting aside the data
from ¢t =1 to N as initial values.



Initial values in CSS estimation of fractional models

2.5 A relation to the ARFIMA model
The simple model (1) is a special case of the well-known ARFIMA model,
A(L)AYX, = B(L)gy, t =1,...,T,

where A(L) and B(L) depend on a parameter vector ¢ and B(z) # 0 for |z| < 1. For this
model, the conditional likelihood depends on the residuals

ei(d, 7)) = B(L)PA(L)AYX, = b(y, L)AYX,,

and when b(¢), L) = 1 we obtain model (1) as a special case.

For the ARFIMA model the analysis would depend on the derivatives of the conditional
likelihood function, which would in turn be functions of the derivatives of the residuals.
Again, to focus on estimation of d we consider the remaining parameter 1) fixed at the
true value 1. For a function f(d) we denote the derivative of f with respect to d as
Df(d) = 2 f(d) (Euler’s notation), and the relevant derivatives are

D™e4(d, V)| o = b0, L)D A X, |4y = (log A)"b(1hg, L) A% X; = (log A)™e;.

Thus, for this more general model, the derivatives of the conditional likelihood with respect
to d, when evaluated at the true values, are identical to those of the residuals from the simpler
model (1). We can therefore apply the results from the simpler model more generally, but
only if we know the parameter v)y. If 1) has to be estimated, the analysis becomes much
more complicated. We therefore focus our analysis on the simple model.

3 Main results

Our main results hold only for the true value dy > 1/2, that is, for nonstationary processes,
which is therefore assumed in the remainder of the paper. However, we maintain a large
compact parameter set D for d in the statistical model, which does not assume a priori
knowledge that dy > 1/2, see Assumption 2.

3.1 First-order asymptotic properties

The first-order asymptotic properties of the CSS estimators d and d, derived from the like-
lihood functions L*(d) and L*(d) in (12) and (15), respectively, are given in the following
theorem, based on results of JN (2012a) and Nielsen (2015). To describe the results, we use
Riemann’s zeta function, ¢, = Z;’il j7*%, s > 1, and specifically

00 2 e
. ™ .
G=YJ P =~ 16449 and (5 = Y % ~1.2021. (16)
=1 J=1

We formulate two assumptions that will be used throughout.

Assumption 1 The errors &; are i.i.d.(0, 02) with finite fourth moment.

Assumption 2 The parameter set for (d, p,0%) is D x R x Ry, where D = [d,d], 0 < d <
d < 0o. The true value is (do, pto, 03), where dg > 1/2 is in the interior of D.

Theorem 1 Let the model for the data Xt = 1,...,N + T, be given by (4) and let As-
sumptions 1 and 2 be satisfied. Then the functions L*(d) in (12) and Li(d) in (15) have no
singularities for d > 0, and the estimators d and d, derived from L*(d) and L:(d), respec-
tively, are both /T -consistent and asymptotically distributed as N 0,Gh.
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3.2 Higher-order expansions and asymptotic bias

To analyze the asymptotic bias of the CSS estimators for d, and in particular how initial
values influence the bias, we need to examine higher-order terms in a stochastic expansion
of the estimators, see Lawley (1956). The conditional (negative profile log) likelihoods L*(d)
and L%(d) are given in (12) and (15). We find, see Lemma B.4, that the derivatives satisfy
DL*(dy) = Op(T?), D?L*(dy) = Op(T), and D3L*(d) = Op(T) uniformly in a neighborhood
of dp, and a Taylor series expansion of DL* (CZ) = 0 around d; gives

. . 1 .
0 = DL*(d) = DL*(do) + (d — do)D*L*(do) + 5 (d — do)*D*L* (d"),

where d* is an intermediate value satisfying |d* — dy| < |d — do| £ 0. We then insert

d—dy = T72Gir + T7'Gor + Op(T7*?) and find Gip = —T"/*DL*(dy)/D*L*(dy) and

Gor = —3T(DL*(do))*D*L*(d*)/(D*L*(dy))?, which we write as

T-Y2DL*(dy) 1

T-D2L*(dy) 2

, T-Y2DL*(dy) ., T~ *D3L*(d*)
T1/2 d—d) = — 1/2 0/\2 71 (1
( 0) ( T_1D2L*(d0) T_lDQL*(dO) + OP( ) ( 7)

Based on this expansion, we find another expansion T/ 2(CZ —dp) = Gir + T-YV2Gy +

op(T~Y/2) with the property that (Gir, Gar) = (Gy,Gs) and E(Gyir) = E(Gy) = 0. Then
the zero- and first-order terms of the bias are zero, and the second-order asymptotic bias
term is defined as T-'F(Gs).

We next present the main result on the asymptotic bias of d. In order to formulate
the results, we define some coefficients that depend on N, Ny, T, and on initial values and
(o, 02, d) (we suppress some of these dependencies for notational convenience),

0

moe(d) =~ Y Tal=d) (X — o), (18)

@ = 3 kY mk(cd)(Xo — ) = 3 D (—d) (X — ). (19)
Kot(d) = m—1(—d + 1), and k1(d) = —Dmy—1(—d + 1). (20)

For two sequences {uy,v,}22,, we define the product moment (u, v)r = 05232, 1 Wiy,
see e.g. Lemma B.1. The main contributions to the bias are expressed for d = dj in terms of

Exirld) = (o) — M«n kadr -+ (e, Robr) + §”—§< woyr. (D)

E8.r(d) = (o, m)r — (C = po)({mo, k1)1 + (M1, ko)) + (C — po)* (K1, Ko, (22)
vr(d) =og® > (t—s)'m(—d+ )m(—d + 1)/ (Ko, ko). (23)

N<s<t<N+T—1

Note that (21)-(23) are all invariant to scale because of the normalization by 2. Also note
that, even if (Ko, ko)r = 0, the ratio (1o, ko)r/(ko, ko) as well as 7y r(d) are well defined,
see Theorem 1 and Appendix C.1.
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Theorem 2 Let the model for the data X;,t = 1,...,N + T, be given by (4) and let As-
sumptions 1 and 2 be satisfied. Then the asymptotic biases of d and d. are
bias(d) = —(T¢) ' [3G¢ " + Enar(do) + T (do)] + o(T7Y), (24)
bias(de) = —(T¢) ™ [3sC " + &5 1 (do)] + o(T ™), (25)

where imy_. o |En7(do)| < 00, imy_oo |[7n7(do)| < 00, and limyp_. |£1€]’T(d0)| < 00.

The leading bias terms in (24) and (25) are of the same order of magnitude in 7', namely
O(T~Y). First, the fixed term, 3¢3(, 2, derives from correlations of derivatives of the likelihood
and does not depend on initial values or dy. The second term in (24), {x.r(do), is a function
of initial values and dy, and can be made smaller by including more initial values (larger N)
as shown in Corollary 1 below. The third term in (24), 7y 1(dp), only depends on (N, T, dy).
If we center the data by C, and do not correct for y, we get the term &5 ,(do) in (25).
However, if we estimate p we get Enr(do) + Tar(dp) in (24), where 7n,7(dp) is independent
of initial values and only depends on (N, T, dy). The coefficients 7y;(d) and 1:4(d) are linear
in the initial values, and hence the bias terms &y r(d) and £ ,(d) are quadratic in initial
values scaled by oy.

The fixed bias term, 3¢, 2, is the same as the bias derived by Lieberman and Phillips
(2004) for the estimator dsat, based on the unconditional likelihood (3) in the stationary

case, 0 < dy < 1/2. They showed that the distribution function of Czl/ 211/ Q(CZStat —dyp) is
Fr(z) = PG/ T"(dyar — do) < 7) = ®(x) + T72G3¢, *6(2) (2 + 22) + O(T ),

where ®(x) and ¢(z) denote the standard normal distribution and density functions, respec-
tively. Using Do (z)(2 + 2?) = —¢(z)z3, we find that an approximation to the expectation

of (21/ 271/ 2(dstat — dp), based on the first two terms, is given by
T12¢5¢% / zé(z)addr = —T7V/23¢3¢, Y2,

which shows that the second-order bias of dstat, derived for 0 < dy < 1/2, is the same as the
the second-order fixed bias term of d derived for dy > 1/2 in Theorem 2.

The dependence of the bias in Theorem 2 on the number of observed initial values, N,
is explored in the following corollary.

Corollary 1 Under the assumptions of Theorem 2, we obtain the following bounds for the
components of the bias terms for d and d, when d > 1/2,

max(]ﬁf,,T(d)L Enr(d)]) <e(1+ N)~ min(d,2d—1)+e for any 0 < € < min(d,2d — 1).  (26)

The result in Corollary 1 shows how the bias term arising from not observing all initial
values decays as a function of the number of observed values set aside as initial values, V.

More generally, the results in this section shows that a partial bias correction is possible.
That is, by adding the terms (T'¢;) '3¢s¢; " and (T'¢;) '7nr(d), the second-order bias in
d and d, can be partly eliminated, but the bias due to (T¢) Y¢nr(do) can only be made
smaller by increasing N.

10



Initial values in CSS estimation of fractional models

A different type of bias correction was used by Davidson and Hashimzade (2009, eqn.
(4.4)) in an analysis of the Nile data. They considered the CSS estimator when all initial
values are set to zero in the stationary case. To capture the effect of the left-out initial
values, they introduce a few extra regressors that are found as the first principal components
of the variance matrix of the n = 150 variables «** = {Y 72 mp(—d)Xs_s}7 ;.

3.3 Further results for special cases

The expressions for &y r(d), €5 7(d), and 7y r(d) in (21)-(23) show that they depend on
(N,T,d) and, in the case of &y r(d) and £§ 1(d), also on all initial values. In order to get an
impression of this dependence, we derive simple expressions for various special cases.

First, when d is an integer, we find simple results for &x7(d), £ (d), and 7y7(d), and
hence the asymptotic bias, as follows.

Theorem 3 Under the assumptions of Theorem 2 it holds that ng(d) =&nvr(d) =0 in the
following two cases:

(i) If d = k for an integer k such that 1 <k < N,

(i) If d =1 and N > 0.

In either case, the asymptotic biases of d and d, are given by

bias(d) = —(T¢) ™ (3GG™ + mvr(do)) + o(T7H),
bias(d.) = —(T¢) 3GG !+ o(T71).

(iii) If dg = N +1 then iy r(do) = 0 and bias(d) = —(T¢) " (3¢s¢;  +Enr(N+1))+o(T ).

It follows from Theorem 3(i) that for d = 1 we need one initial value (N > 1) and for
d = 2 we need two initial values (N > 2), etc., to obtain £§ (d) = &nr(d) = 0. Alternatively,
for dy = 1, Theorem 3(ii) shows that there will be no contribution from initial values to the
second-order asymptotic bias even if N = 0, and Theorem 3(iii) shows that when N = 0, it
also holds that 7o7(1) = 0 such that bias(d) = —(T'¢)'3¢s¢;  +o(T1). Since the bias term
is continuous in dp, the same is approximately true for a (small) neighborhood of dy = 1.

Note that the results in Theorem 3 show that in the cases considered, the estimators d
and d, can be bias corrected to have second-order bias equal to zero.

We finally consider the special case with Ny = 0, where all available data is observed.
We use the notation ¥(d) = DlogI'(d) to denote the Digamma function.

Theorem 4 If Ny =0 and N > 0 then {nr(do) = 0 and the biases of d and d, are given by

bias(d) = —(T¢2) ' [3¢sG; " + v (do)] + (T, (27)
bias(d:) = —(T¢) ™ BGG " + €57 (do)] +o(T7), (28)
where T, 1(do) is defined in (23) and £ 1(do) simplifies to
E5r(do) = —(C — po)(wo, m)r + (C — po)* (Ko, K1) (29)
In particular, for Ng = N = 0 we get the analytical expressions
bias(d) = —(T¢) ' BéG ! — (U(2dy — 1) — W(do))] + o(T ), (30)

bias(dc) = —(TCQ)_1[3C3C2—1 . M <2d0 -2
of do— 1

; )(@(2% 1) W) o). (31)

11
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It follows from Theorem 4 that if we have observed all possible data, that is Ny = 0,
then we get a bias of d in (27) and of d. in (28) and (29). The bias of d comes from the
estimation of 1 and the bias of d. depends on the distance C' — Lo-

With Ny = 0 as in Theorem 4, we note that the biases of d and d do not depend on
unobserved initial values. It follows that (27) can be used to bias correct the estimator d
and (28) to bias correct the estimator d.. For d this bias correction gives a second-order bias
of zero, but for d, the correction is only partial due to (29).

Although the asymptotic bias of d is of order O(T71), we note that the asymptotic
standard deviation of d is (T'¢;)7/2, see Theorem 1. That is, for testing purposes or for
calculating confidence intervals for dy, the relevant quantity is in fact the bias relative to the
asymptotic standard deviation, and this is of order O(7'/?). To quantify the distortion of
the quantiles (critical values), we therefore focus on the magnitude of the relative bias, for
which we obtain the following corollary by tabulation.

Corollary 2 Letting Ty = N + T be fixed and tabulating the relative bias,

(T¢2)Pbias(d) = —((To — N)G2) 236 + mv—n(do)],

see (27), for N = 0,...,Ty — 2 and dy > 1/2, the minimum value is attained for N = 0.
Thus, we achieve the smallest relative (and also absolute) bias of d by choosing N = 0.

4 Application to Gallup opinion poll data

As an application and illustration of the results, we consider the monthly Gallup opinion
poll data on support for the Conservative and Labour parties in the United Kingdom. They
cover the period from January 1951 to November 2000, for a total of 599 months. The two
series have been logistically transformed, so that, if Y; denotes an observation on the original
series, it is mapped into X; = log(Y;/(100 — Y;)). A shorter version of this data set was
analyzed by Byers et al. (1997) and Dolado et al. (2002), among others.

Using an aggregation argument and a model of voter behavior, Byers et al. (1997) show
that aggregate opinion poll data may be best modeled using fractional time series methods.
The basic finding of Byers et al. (1997) and Dolado et al. (2002) is that the ARFIMA(0,d,0)
model, i.e. model (1), appears to fit both data series well and they obtain values of the
integration parameter d in the range of 0.6-0.8.

4.1 Analysis of the voting data

In light of the discussion in Section 2.2, we work throughout under the assumption that X;
was not observed prior to January 1951 because the data series did not exist, and we truncate
the filter correspondingly, i.e., we consider model (4). Because we observe all available data,
we estimate d (and p, o) by the estimator d setting N = Ny = 0 and take 7' = 599 following
Theorem 4 and Corollary 2.

The results are presented in Table 1. Since we have assumed that N = Ny = 0, we can
bias correct the estimator using (30) in Theorem 4, and the resulting estimate is reported in
Table 1 as dy.. Two conclusions emerge from the table. First, the estimates of d (and o) are
quite similar for the two data series, but the estimates of i are quite different. Second, the
bias corrections to the estimates are small. More generally, the estimates obtained in Table
1 are in line with those from the literature cited above.

12
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Table 1: Estimation results for Gallup opinion poll data

Conservative Labour

d 0.7718 0.6940
die 0.7721 0.6914
L 0.0097 —0.4313
o 0.1098 0.1212

Note: The table presents parameter estimates for the Gallup opinion poll data with T = 599 and Ng = N = 0.
The subscript ‘bc¢’” denotes the bias corrected estimator, c.f. (30). The asymptotic standard deviation of dis
given in Theorem 1 as (T'7%/6)~'/2 ~ 0.032.

4.2 An experiment with unobserved initial values

We next use this data to conduct a small experiment with the purpose of investigating how
the choice of N influences the bias of the estimators of d, if there were unobserved initial
values. For this purpose, we assume that the econometrician only observes data starting
in January 1961. That is, January 1951 through December 1960 are Ny = 120 unobserved
initial values. We then split the given sample of Ty = 479 observations into initial values
(N) and observations used for estimation (7), such that N + T = 479. We can now ask the
questions (i) what is the consequence in terms of bias of ignoring initial values, i.e. of setting
N =0, and (ii) how sensitive is the bias to the choice of N for this particular data set.

To answer these questions we apply (24) and (25) from Theorem 2. We note that &y 7(d)
and §§7T(d) depend on the unobserved initial values, i.e. on X,,, =Ny < n < 0, which in this
example are the 120 observations from January 1951 to December 1960. To apply Theorem
2 we need (estimates of) dy, g, 0g. For this purpose we use (chC, fi, o) from Table 1.

The results are shown in Figure 1. The top panels show the logistically transformed
opinion poll data for the Conservative (left) and Labour (right) parties. The shaded areas
mark the unobserved initial values January 1951 to December 1960. The bottom panels
show the relative bias in the estimators of d as a function of N € [0,24], and the starred
straight line denotes the value of the fixed (relative) bias term, —(Ty — N)~Y23(3¢, 32
The estimators are d in (13) and d. in (14) either with C' chosen as the average of the Tj
observations, denoted d, in the graph, or with C' = 0, denoted do in the graph. That is, for
dy the series have not been centered, and for d,. the series have been centered by the average
of the Tj observed values. The latter two estimators are the usual CSS estimators with and
without centering of the series.

In Figure 1 we note that the relative bias of dy is larger for the Labour party series because
the last unobserved initial values are larger in absolute value than those of the Conservative
party series. In particular, if one does not condition on initial values and uses N = 0, the
relative bias of dy is 0.45 for the Labour party series and —0.05 for the Conservative party
series. It is clear from the figure that the relative bias of dy for the Labour party series can
be reduced substantially and be made much closer to the fixed bias value by conditioning
on just a few initial values. The same conclusions can be drawn for d. but reversing the
roles of the two series. The reason is that, after centering the series by the average of the
T, observations, it is now for the Conservative party series that the last unobserved initial
values are different from zero, while those of the Labour party series are close to zero.

Finally, for cz, where the initial level or centering parameter, u, is estimated jointly with

13



Initial values in CSS estimation of fractional models 14

Figure 1: Application to Gallup opinion poll data

~ Conservative party data ~ Labour party data
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Note: The top panels show (logistically transformed) opinion poll time series and the bottom panels show
the relative bias for three estimators of d as a function of the number of chosen initial values, N, when the
first No = 120 observations have been reserved as unobserved initial values (shaded area). The estimators
are d in (13) and d, in (14) either with C' chosen as the average of the Tj observations, denoted d, in
the graph, or with C' = 0, denoted do in the graph. The starred line denotes the fixed (relative) bias,
—(Ty — N)~1/23¢5¢5°/2.

d, we find that the relative bias is increasing in N. The reason for this is that 7y 7(d)
dominates {yr(d), at least for this particular data series. With N = 0 the relative bias is
very small and the estimator d is better than the other two estimators.

5 Conclusion

In this paper we have analyzed the effect of unobserved initial values on the asymptotic bias
of the CSS estimators, d and cfc, of the fractional parameter in a simple fractional model, for
do > 1/2. We assume that we have data X; fort =1,..., 7o = N + T, and model X; by the
truncated filter A‘iONO (Xy—po) =gy fort =1,...,Ty and Ny > 0. We derive estimators from
the models Ad(X; — ) = ; or Ad(X; — C) = &; by maximizing the respective conditional
Gaussian likelihoods of Xpy41,..., Xz, given Xq,..., Xy.

We give in Theorem 2 an explicit formula for the second-order bias of cz, consisting of
three terms. The first is a constant, the second, {yr(dp), depends on initial values and
decreases with N, and the third, 7y 1(dp), does not depend on initial values. The first and
third terms can thus be used in general for a (partial) bias correction. In Theorem 4 we
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simplify the expressions for the case when Ny = 0, so that all data are observed. In this
case we can completely bias correct the estimator CZ, at least to second order. We further
find that for d the smallest bias appears for the choice N = 0. This choice is used for the
analysis of the voting data in Section 4.1 where the bias correction is also illustrated.

In Section 4.2 we illustrate the general results with unobserved initial values, again using
the voting data. Here we show that, when keeping Ny = 120 observations for unobserved
initial values, the estimator d with N = 0 has the smallest bias. Thus, the idea of letting the
parameter p capture the initial level of the process eliminates the effect of the unobserved
initial values, at least in this example.

Appendix A The fractional coefficients

In this section we first give some results of Karamata. Because they are well known we
sometimes apply them in the remainder without special reference.

Lemma A.1 For m >0 and ¢ < o0,

N
Z(l +1logn)™n® < ¢(1+1log N)"N* if a > —1, (32)
n=1
Z(l +1logn)™n® < ¢(1 +log N)" N if a < —1. (33)
n=N
Proof. See Theorems 1.5.8-1.5.10 of Bingham, Goldie, and Teugels (1987). u

We next present some useful results for the fractional coefficients (2) and their derivatives.

Lemma A.2 Define the coefficient a; = 13>, 22:1 k!, where 1g4y denotes the indicator
function for the event A. The derivatives of m;(-) are

D™ log 7;(u) = (—1)™*! :2:; T foru#0,-1,...,—j+1 and m > 1, (34)
Drj(u) = (—1)_"(_u)!(‘j; u=1) foru=0,-1,....,—j+1andj > 2, (35)
D?m;(u) = 2D7;(u)(@j4u—1 - a_y) foru=0,—-1,...,—j+1 and j > 2. (36)
Proof of Lemma A.2. The result (34) follows by taking derivatives in (2) for u #
0,—1,...,—j+1. Foru=—iandi=0,1,...,5 — 1 we first define
Pu)=u(u+1)...(u+j—1), P(u) = fiu]){:, Py(u) = % for k # 1.

noting that m;(u) = P(u)/j!, see (2). We then find

DP(u) = Z Py.(u) and D*P(u) = Z Py(u),

0<k<j—1 0<kAl<j—1

which we evaluate at u = —i for i = 0,1,...,j — 1. However, for such ¢ we find Py(—i) =0
unless k& =i and Py (—i) = 0 unless k =i or [ = 4. Thus,

DP(u)|u_; = P(—i) = (—i)(—i+1)...(=1) x (1)(2)...(j =1 —i) = (=1)ial(j — i — 1)!
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and (35) follows because Dr;(u) = DP(u)/j!, see (2). Similarly (36) follows from
|u—7z ZPM +Z-le(_7') = 22sz(_l
ki I£i k;ﬁi
—22 /{j—z —2P ]{j—@ ,L' z')(aj,i,l—ai).
k#i k;ﬁz
|
For u = 0,—1,—2,..., we note that m;(u) = 0 for j > —u + 1, but D™;(u) remains
non-zero even for such values of j where 7;(u) = 0.
Lemma A.3 Let N be an integer and assume j > N, then
i1 !
mw) =] — =y [T 1+ (w=1)/i) = mn(w)an;(u) (37)
i=1 i=N+1
with o j(uw) = [T N+1(1 + (u—1)/i) for j > N and ayj(u) =1 for j = N.
Form >0 and j > 1 it holds that
D™ 7 (u)| < e(1 +log j)™ 5", (38)
ID™an,j(u)| < e(1+logj)™j" ™" (39)
Form >0 and 7 > 1 we also have the more precise evaluations
ju—l
mji(u) = m(l + e15(u)), (40)
where sup,cx |€1;(u)] — 0 as j — oo for any compact set KC R\{0,—1,...}, and
N 1 41
an,j(u) = m “HL A+ eg5(u)), (41)

where sup, ¢ |€25(w)] — 0 as j — oo for any compact set KC R\{—-N,—(N +1),...}.

Proof. To show (37), we first note that for j = N the result is trivial. For j > N we
factor out the first N coefficients, [[~,(i +u —1)/i = my(u). The product of the remaining
coefficients is denoted ay j(u). The results (38) and (40) for 7;(u) can be found in JN (2012a,
Lemma A.5), and the results (39) and (41) for ay ;(u) can be found in the same way from
a Taylor’s expansion of » 7/ . log(1 + (u —1)/i) for j > jo > 1 — u. ]

Lemma A.4 Let a; = 1>y Y5, k=", Then,

mo(u) =1 and m1(u) = u for any u, (

D" 7m(u) = 0 and D™my(u) = lypn=1y for m > 1 and any u, (43
D;(0) = j ' 1gj=1 and D*m;(0) = 2j™ a1 1322, (
ID™m;(0)] < cj (1 +1logj)™ sy < i M form > 1 and any § > 0, (

Z D"m,(—u) = D"mp(—u+ 1) — D"m;_1(—u+1) for m > 0 and any u, (46)
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Z D", (—u) = =D"mj_1(—u+1) form >0 and u > 0, (47)
n=j
2
Z Tn (W) T—n (V) = T (u + v) for any u,v. (48)
n=0

Proof of Lemma A.4. Result (42) is well known and follows trivially from (2), and (43)
follows by taking derivatives in (42). Next, (44) and (45) follow from Lemmas A.2 and A.3.
To prove (46) with m = 0 multiply the identity ( ) = (“71) + (Zj) by (—1)" to get

u
n n

()= () ()

Summation from n = j to n = k yields a telescoping sum such that
i u u—1 u—1
_1 n —_ _1 k - _ _1 k—1 -
> ()=o) - e (U0)
which in terms of the coefficients 7, (-) gives the result. Take derivatives to find (46) with
m > 1. From (38) of Lemma A.3, D"m(—u+ 1) < ¢(1 4 logk)™k™ — 0 as k — oo when

u > 0 which shows (47). Finally, (48) follows from the Chu-Vandermonde identity, see Askey
(1975, pp. 59-60). u

Lemma A.5 For any «, 3 it holds that

t—1
D 07t —n)P Tt < e(1 + log t)pmex(etfTle LA, (49)
n=1
For a4+ <1 and 8 > 0 it holds that
> (k+h) K1+ log(k + h)" < ch®TPH(1 + log h)" (50)
k=1

Proof of Lemma A.5. (49): See JN (2010, Lemma B.4).
(50): We first consider the summation from k =1 to h:

. h
pl-a-8 Z(k + R)* K1 4+ log(k + h)™ < ¢(1 + log 2h)"h ™! Z(% + 1) ()
k=1 h=1

1

< ¢(1 +log h)”/ (1 +w)* " du.
0

The integral is finite for 8 > 0 and all o because 1 <1+ u < 2.

To evaluate the summation from k& = h+1 to oo we note that log(k+h) < log(2k) < clogk
for h < k. This gives the bound

> (k+ )1+ log(k + h)" < ¢

k=h+1 k

(h + E)*"YP1(1 + log k)™
1

el

k*T72(1 4+ log k)" < ch®™P1(1 4+ log h)™,

IA
(@)
WE

i
=

see (33) of Lemma A.1. u
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Lemma A.6 Ford>1/2 and 2d — 1 —u > 0 it holds that
i": d—1\(d=1-u\ T@2d—1-u) [(2d-2-u
n n S dT(d—uw) \ d-1 )

i <d :10> a% (d ) 711_ u) T (25__12> (¥(2d — 1) = ¥(d)).

n=0

Proof of Lemma A.6. With the notation a¢,) = a(a+1)---(a +n — 1), Gauss’s Hyper-
geometric Theorem, see Abramowitz and Stegun (1964, p. 556, eqn. 15.1.20), shows that

— dmbm _ T(OT(c—a—b)
Z = forc > a +b.
— cmn!  T(c—a)l'(c—10)

Fora=—-d+1,b=—-d+1+u,and c=1, we have c —a—b=2d — 1 —u > 0 so that

i (d; 1) <d — T1L— u) _ i (—d :!1)(n) (—d+7lﬂ+ w)(n)

n=0 n=0
CT)T@d—1-u)  (2d—2—u
- I(@T(d—w) — \ d-1
with derivative with respect to u as given, using 0logI'(d 4+ u)/0u|,—0 = ¥(d). u

Appendix B Asymptotic analysis of the derivatives

We first analyze A¢(X; — C) and introduce some notation. From Lemma 1 we have an
expression for X;,t = 1,..., N + T, and we insert that into AZX; and find, using AZX; =
S (—d) X, and (46), that for t > N 4 1 we have

t—1

AJX, = C)=AXi+ D mu(=d) Xy = > T(—d)C

n=t—N
t+No—1
= Aﬁiv_d%t - Aﬁlv_do{ Z 71'n(—do)Xt—n - 7Tt+No—1(—d0 + 1),&0}
n=t—N

n=t—N
= A% e, + mi(d) — kor(d)(C — o) (51)
where
t—1-N
Zﬂ-kdﬂ_ Z 7Ttnk dOX+Z7Ttn n
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The derivatives of Ag(X; — C) with respect to d, evaluated at d = dy, are of the form
D™ AP (X; = C) = St + N (do) — Kt (do) (C' — o), (52)

where

Hmt(d) = <—].)mDm7Tt_1(—d + 1)
and the stochastic term S}, is defined, for t > N + 1, as

Smt = (—1)m Z Dmﬂ'k(O)&t_k = qu_v,t + S;m
k=0

t—1-N o0
St = (=" > D"m(0)esy and S, = (=)™ D D"mi(0)esp
k=0 k=t—N

The main deterministic term is

N t—1—N N
Mt(d) = (=)™ > Y Dmp(0)m—pn(—d) X, — > D" (—d) X, (53)
n=—No+1 k=0 n=1
t—1—N
— Y D" ()i np—k1(—d + D)pio + D™y (—d + 1) o).
k=0
N+T

We use the notation (u,v)r = 0g? >, wor — 057 > oy vy = (u,v), if the limit
exists.

We first give the order of magnitude of the deterministic terms and product moments
containing these.

Lemma B.1 The functions nm,:(d) satisfy

)] < et~ (54)
e (d)| < c(t — N)~ @D form > 1+ > N + 1, and any 6 > 0. (55)

For d > 1/2 it follows that, for any 0 < € < min(d,2d — 1),

<77m>77n>T - <77m777n> < oo, m,n =0, (56)
(N, fn)7| < (14 N)~m0@20 oy > 0, (57)
max(|(no, m) 7!, [(k1, ko)r|) < c(1 4 N)~mn@2=D+e, (58)

If N =0 it holds that

(Ko, ko) — 02 (2;__12) and (Ko, k1) — —0y > <2d B 2) (T(2d—1) —U(d). (59)

If Assumption 1 holds then

(St ma)r 2 (SF ma), myn >0, (60)
(S5 )7 = (S k), mm >0, (61)

where E((S, 1n)1) = E((S),, fin)7) = E((S5, 1)) = E((S,, £in)) = 0.
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Proof of Lemma B.1. (54): The expression for no(d) is

0

mor(d) == Y mn(—d)Xn + Trpng-1(—d + Dpo — 71 (—d + 1)pag
n=—Np+1
0
== > Teal=d)(Xn — o), (62)
=—Np+1

see (46) of Lemma A.4. Using the bound |m;_,,(—d)| < ¢(t—n)~¢"! we find Zg:—Ng—&-l |T—n(—d)| <
ct=4 for n < 0, see (38) of Lemma A.3, and the result follows.

(55): The remaining deterministic terms with m > 1 are evaluated using |(—1)"" D™ (0)| <

ck™ 151y for 6 > 0, see (45) of Lemma A.4, and we find, for t > N + 1,

oo
|77mt |<CZ
—-N
t—1

—-N
e Y kKTt No—k—1) et — 1)
k=1
1

t— N

1-N
Z 5 1+6 k+n)_d_1+cZ(t—n)_d_l+5
k=

1 n=1

t—1-N

<ol Yo KTt —k = N)+ (¢ — N)TH)

< C[(l —i—lOg(f _ N))(t o N)fmin(l,d)+6 + (t . N) d+5} < C(t _ N)fmin(l,d)+26

Y

where we have used (49) of Lemma A.5.

(56): From (55) we find |1me(d)nn(d)] < c(t — N)~2mn(Ld+20 o6 that (1, nm)| < 0o by
choosing 20 < 2min(1,d) — 1 = min(1,2d — 1), which is possible for d > 1/2.

(57): Similarly we find (9, k) < ¢> g0, t~ DT (¢4 N —1)=4 If 1/2 < d < 1 we apply
(50) of Lemma A.5 to obtain the result thl(t + N)~d=d+e < (1 + N)124+ and if d > 1
we use (t+ N)=% < (1 + N)~4t2¢72¢ for 2¢ < d and find

t=1 t=1
(58): The proofs for (ny,n1)r and (K1, ko) are the same as for (57).

59). For N = 0 we find (kq, ko)r = T;l d-1)? and (kg, k1)7 = 1D T: kot(d)? such that
n=0 n 2 t=1

the result follows from Lemma A.6.

(60): We have

=20 > d (=)D mk(0)]es

k=1 t=max(T,k)+N+1
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For some small 6 > 0 to be chosen subsequently, we use the evaluations |9,.(d)| < ¢(t —
]\[)—min(l,d)-ﬁ-é7 ‘Dmﬂ't,k(())’ < C(t _ k)_1+61{t—k21}7 and t~ min(1,d)+d§ __ (t B k) min(1,d)+d <
(t _ k>_26k_min(1’d)+35. Then

Var( Z Stone(d)) < CZ[ Z tfmin(l,d)er(t_‘_ N — k.)71+5]2

t=N+T+1 k=1 t=max(T,k)+1
0o 0o
< CZ k72min(1,d)+65[ Z (t . k)flfé]Z'
k=1 t=max(T,k)+1

For T' — oo we have 3 7 o (t — k)~17% — 0, and because Y o, k~2min(Ld+65 < o0

we get by dominated convergence that Var(3 ;2 v qq Smiftne(d)) — 0. This shows that
P 00

<S1Tw77n>T - <S+v77n> Zt N+1 mtnnt(d)

(61): We use (63) and find Zt N+T+1 Smt"@nt( ) = Zk 1[Zt max(T,k)+1 ’fnt(d)(‘UmHDmﬂt—k(O)]gk:
and the proof is completed as for (60). |

We next define the (centered) product moments of the stochastic terms,

N+T
M =0T Y (ShSh = E(S5Si), (64)
t=N+1
as well as the product moments derived from the corresponding stationary processes,

N+T
anT = 0-072T71/2 Z (Smtsnt - E(Smtsnt))

t=N+1
The next two lemmas give their asymptotic behavior, where we note that
E(S5:Sm:) = E(SotSmi) = 0 for m > 1. (65)

Lemma B.2 Suppose Assumption 1 holds and let (; = Z;’;ljﬂ = 72/6 ~ 1.6449 and
(3=, %~ 1.2021, see (16). Then

N4T
E(Mgy) = 05T Z (Sh) = G, (66)
t=N+1
N+T N+T
E(MoirMoor) = 0074T71 Z E(S0t511S0s52s) = 062T Z (S1659:) = —2G,
s,t=N+1 t=N+1
(67)
N4T
E(Myyr M) = oy T Z E(SotS1655,) = —4Gs, (68)
s,t=N+1
N4T
E((S5, ko)1 (ST, ko)r = 05 > E(S;ko0s(d)Siior(d)) (69)
st=N+1

=0, Z (t =) 'm(—d + V)ms(—d + 1).

N<s<t<N+T-1
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It follows that, for N =0 and T — oo,
E((Sg . i0) (S, ko))

Tor(d) = — —(¥(2d — 1) — ¥(d)). 70

vr(d) i (020 1) - 9(a) (70
Furthermore, for T fived and N — oo, see also (37),
t—s) tayi(—d + 1)ay.s(

TNT(d) ZN<s<t<N+T 1( ) N,t( ) N, . Zt_ 1 /T ( )

ZN+1§t§N+T ant-1(—d+ 1)

Proof of Lemma B.2. (66): From Sy, = &4, Siy = — > oy k™ 'e1—k, and (65) we find

N+T [e's) N+T 00
E(Mgyy) =0 *E[T™? Y ¢ Zk: e’ =0T Y E Zk e’ =) k=
t=N+1 = t=N+1 k=1 k=1

(67): We find using the expressions for Sp;, Sy, and Sy, = 2 Z;’;ijlaj_lst_j, a; = lyj>1y Zizl kL,
together with (65) that

N+T N+T N+T

E(MyrMogr) = —205 T E| Z Etzk €tk Z é‘sz Jlay1)es ] = 0g? T Z (S14:59:)
t=N+1 k=1 s=N+1  j=2 t=N+1
and
N+T N+T
O'O_QT_l Z E(SltSQt) = —20'_2T Z EZk Et— kz j (lj 1 5t ]
t=N+1 t=N+1 k=1
N+T oo
AP OP I WEEE o WA
t=N+1 j=2 k=1 j=2

for g =3 > 02 Z] L =1, We thus need to show that x5 = (.

Let f()\) = log(1 — e"\) = 2¢(X) +i0()), where i = /=1 is the imaginary unit, ¢(\) =
log(2(1 —cos(N)), O(\) = arg(l —e?) = —(7 —A)/2 for 0 < A < 7, and O(—=\) = —60(\). The
transfer function of S,,; is D™(1 — )4 %|,_s, = f(A)™, so that the cross spectral density
between S,,; and S, is f(A)™f(—=A)" and E(Sp:Sn) = gfjﬂ FA)™f(=A)"d\. Because
c(A) is symmetric around zero and #()) is anti-symmetric around zero, i.e. 8(—\) = —60()\),
it follows that

c(N)? = (FO) + F(=N)° = FO)P+ 3L F(=A) +3FN (=) + F(=A)°.
Noting that the transfer function of Sp; = &; is f(A)? = 1 and integrating both sides we find
2 g
;—; c(\)3d\ = E(S3:S0:) + 3E(SuShy) + 3E(S10S2) + E(SorSse).-

The left-hand side is given as —1203(3 in Lieberman and Phillips (2004, p. 478) and the
right-hand side is —1202k3 from (65) and (72), which proves the result.
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(68): We find, using the expressions for S,,,; and (65), that E(MyrMii7) is

N+T N+T t—1 s—1 s—1
o 'T™" Y B(SuSuSh) =-T7" > Ela Y (t=k)'ex Y (s=4)"'e; > (s—i)'eil.
st=N+1 s,t=N+1 k=—00 j=—00 i=—00

The only contribution comes for t = j > k=i ort =i > k = j and therefore ¢ < s. These
two contributions are equal, so we find, using s —k=s—t+t—k,

N+T N+4+T t—1 N+T N+T t—1
2771 3" N > (k) M (s—t) M (s—k) T =20 Y Y Y (k) T (s—t) M (s—k)
t=N-+1s=t+1 k=—o0 t=N+1 s=t+1 k=—c0

Next we introduce u =s — k [> 2] and v =t — k [1 < v < u] and find

oo u—1 o] u—1
22 Z[v’l +u—v) u?= 421f2 Zv’l = 4r3 = 4¢3,
u=2 v=1 u=2 v=1

which proves (68).
(69): From Sj, = e,, S}, = —ZZ;TN klepp, = — Z;INH(t — k)7 lep, and kgi(d) =
m—1(—d + 1) we get

N+T
E(Sy ko)r(ST ko) = 05t Y E(Siko0s(d) St (d) ko (d)
s,t=N+1
=—0;” Y. (=) 'moa(—d+ Dry(—d+1).
N+1<s<t<N+T

(70): For N = 0 we use Dmy_s(u)|u=o = (t — s) '1_s>13 and find the limit

> Dmo(u)uoms(—d + Dm(—d + 1) = i Dry(—d + 1 + ) |u—om(—d + 1)

tf{; (d - 1 - “) o (d X 1) __ (?f) (U(2d — 1) — B(d))

using (48) and Lemma A.6. From (59) we find the limit of (g, ko)7.

(71): From (37) we find the representation in (71), where we have cancelled the factor
mn(—d+1)?. Note that Y-y 1o yiq Oni-1(—d+1)* > ay n(—d+1)* = 1and ay,(—d+1) =
[Ty, (1—d/i) > Lfor N — oo and t > N +1, so that 7yr(d) — TSy ponir (E—
=3 — (T - 1)1 .

Lemma B.3 Suppose Assumption 1 holds. Then, for T — oo, it holds that { Myunr Yo<mn<s
are jointly asymptotically normal with mean zero, and some variances and covariances can
be calculated from (66), (67), and (68) in Lemma B.2. It follows that the same holds for

{M;;nT}OSm,TLS?) with the same variances and covariances.
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Proof of Lemma B.3. {M,,,r}: We apply a result by Giraitis and Taqqu (1998) on limit
distributions of quadratic forms of linear processes. We define the cross covariance function

P (t) = E(SpoSnt) = 05(=1)™" Y~ D", (0)D"m14.4(0)
k=0

and find roo(t) = 081 —0}, rmo(t) = 05(—1)"D™71_4(0)11<_1}, and 7, (t) = og(—1)"D"m(0).
For m,n > 1 we find that |r,,,(t)| is bounded for a small § > 0 by

Y (L+log(t + k)™ (L +1logh)" (t+ k) TETN <> (E4 k)R < o
k=1 k=1

using the bound (¢ + k)71 < k=20¢71139 Thus >°7° 7, (f)* < oo, and joint asymptotic
normality of {M,,,r}o<mn<s then follows from Theorem 5.1 of Giraitis and Taqqu (1998).
The asymptotic variances and covariances can be calculated as in (66), (67), and (68) in
Lemma B.2.

{M* .} We show that E(M,,,r — M} .)> — 0. We find
N+T
Moy = Mg = 05 T2 (85,80, + SouSity + SiSo = E(Sh Sy + S Soty + St
t=N+1

(73)
and show that the expectation term converges to zero and that each of the stochastic terms
has a variance tending to zero.

T4/ i\Q;VTH E(SH S, + 8,8t +S.,5.,) — 0: The first two terms are zero because

St and S, are independent. For the last term we find using (45) of Lemma A.4 that
|E(SmSu)l = 05 Y ID"m(0)D"me(0)| < ¢ Y kT <t = N)TH,
k=t—N k=t—N
so that
N+T
T2 N B(SpSy) < TV 0, (74)
t=N+1
Var(T=Y2 30 ShSh) — 0: The first two terms of (73) are handled the same way.
We find because (S, S;",) is independent of (S,,,, S,,) that
N+T N+T N+T
Var(TV2 3 0 S8 =T7" D B(S5SuSnS) =T Y E(S3S5)E(SuS5)
t=N+1 s,t=N+1 s,t=N+1

Then replacing the log factors by a small power, § > 0, we find for |D"m_;(0)| < ¢t —
i) "Y1 + log(t — i)™ < c(t — i)' that
t—1-N s—1-N min(s,t)—1-N
B(SmiSma)l = [E( Y Dmi(0)e; ) D™mey(O)ey)l =05 Y, ID"mi(0)D"m,—i(0)]
i=1 j=1 i=1
min(s,t)—1-N

<c ) (t=i)T(s—i)T
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Now take s > t and evaluate (s —i)71*% = (3 —t4t— i) < (s — )73t —4)7% and

—1-N
|E(S5,85 )] < (s — t)7 130 Z t—i) 10 < e(s — )T
i=1
Similarly for
N N N
E(SySy) =E( Y D'm_i(0)e; Y D"mej(0)e;) = op Y D"mi(0)D"7,;(0)
i=—00 j=—00 i=—00

we find

’ ns | <ec Z 1+6 )71+6 —c Z <t+i)71+6(8 +Z~)71+6

1=—00 i=—N
Se(s =) N (b)) <el(s— )T (- N)
i=—N

Finally, we can evaluate the variance as

N+T
VLM" 1/2 Z S+ S < CTfl Z (8 _ t)71+36(t . N)fé(s o t)71+36
t=N+1 N+1<t<s<N+T

T-1 T—h
_ CT_l Z h—2+65 Z t—& < CT—1T1—5 0.

Var(T-1/2 M 65— 5~) — 0: The last term of (73) has variance

t=N+1
N+T N+T N+T
Var(T™2 3 SuSu) =TTE( Y SuSul®) =T7'[ ) B(S,
t=N-+1 t=N+1 t=N+1
and the first term is 7! Ziv;fv 1 E(S1505msSys) which equals
N+T

Y Z E(D™m,_;(0)e;D"m,_;(0)e;D™my_1(0)exD" 75, (0)e,).
s,;t=N+11,j,k,p=—o00
There are contributions from E(g;eje,e,) in four cases which we treat in turn.
Case 1,1 = j # k = p: This gives the expectation squared, T7!| i\:;vTH E(S,,.S)]?,
which is subtracted to form the variance.
Cases 2 and 3,1 =k # j =p and i = p # j = k: These are treated the same way. We
find for Case 2 the contribution

N+T o)
Ar<eT™ Y0 Y (L +log(t +1)™ (1 + log(s + i)™ (¢ +14) (s + )
st=N+1i=—N

X Z (1+log(t + 4))"(1 +log(s + 4))"(s + 4) " (t + )"
< CTfl Z [Z (t+i>71+6(5+i)71+6]2 < chl Z [Z (t—i—i)*lﬁ(s—l—i)*l*é]?

st=N+1i=—N N+1<t<s<N+T i=—N
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We evaluate (s +4) 7170 = (s —t +t +4) 71 < (s — )71 (¢ + i)~ so that

Z (t + i)_1+5(8 +i)_1+5 < Z (S . t)_1+36(t—}-i)_1_6 < (S . t)—1+35(t . N)—d
i=—N i=—N
and hence
T-1 T—h
Al < CTfl Z (S . t)72+65(t o N)725 — CTfl Zh72+65 thZ(? < CTflTle(? = 0.
N+1<t<s<N+T h=1 t=1

Case 4,1 = j = p = k: This gives in the same way the bound

N+T 00 0o N+T
Z Z (t+4) 20 (s+4) 2 < cT! Z Z (t+4) 22 < T~ Zz * 0.
s, t=N+1i=—N —N t=N+1 i=1

[ ]
We now apply the previous Lemmas B.1, B.2, and B.3, and find asymptotic results for
the derivatives D™ L*(dy).

Lemma B.4 Let the model for the data Xy, t =1,..., N+T, be given by (4) and let Assump-
tions 1 and 2 be satisfied. Then the (normalized) derivatives of the concentrated likelihood
function L*(d), see (12), satisfy

02T~ V2DL*(dy) = Ag + T~ Y2 A, + Op(T ™), (75)
0 2T'D2L*(dy) = By + T~Y2B, + Op(T *(log T)), (76)
o5 2T 'D?L*(dg) = Cy + Op(T~?), (77)
where
Ay = 01T, (Al) fN,T(do) + TN,T(dO)y (78)
By = G, By = M{ip + My, (79)
Co = —6(;. (80)

H€7”€ §N,T(d0), TN7T(d0) cmd MntnT’
G =72/6 and (3 ~ 1.2021, see (16).
The (normalized) derivatives of L%(d), see (15), satisfy (75)-(77) and (79)-(80), but (78)

15 replaced by

are giwen in (21), (23), and (64), respectively, and

Ap = OlT’ E(Al) = fg,T(dO)a (81)
where £§ 1 (do) is given by (22).

Proof of Lemma B.4. The concentrated sum of squared residuals is given in (12). We
note that the first term is Op(7'), and from Lemmas B.1 and B.2 the next is Op(1), so the
second term has no influence on the asymptotic distribution of d. However, for the bias we
need to analyze it further.
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We need an expression for the derivatives of the concentrated likelihood, i.e., D™ L*(d).
Recall L(d, 1) from (11) and denote derivatives with respect to d and u by subscripts. Then
L*(d) = L(d, u(d)) and therefore

DL*(d) = La(d, p(d)) + Ly(d, p(d)) pra(d)
D*L*(d) = Laa(d, u(d)) + 2La,(d, p(d)) a(d) + Ly (d, p(d))pa(d)* + Ly(d, p(d)) paa(d),

but /i is determined from L,,(d, p1(d)) = 0, which implies Lg,(d, p(d))+ Ly, (d, p(d)) pa(d) = 0,
and hence

DL*(d) = La(d, u(d)), (82)
Lay(d, p(d))*
Lyyu(d, p(d)) -

We find the derivatives for d = dy and suppress the dependence on d; in the following. Thus
Kot = kot(dp) and K1y = Kk14(dp), etc.

(75) and (78): We find from (52) that DAL (X; — 1) = Sb; + Tt — Fme (1t — p10), and
therefore from (82),

D?L*(d) = Laa(d, p(d)) — (83)

N+T

05" T DL = 05T " (S, + nor — (o — pt0)roe) (S5 + e — (b — po) i),
t=N+1

where i — o = ji(do) — o = ((Sg, ko)1 + (Mo, o)1)/ (Ko, ko). Since B(XY) = E(X)E(Y)+
Cov(X,Y) and E(ft — p10) = (1o, Ko)r/{Ko, ko)T We get

N+T
y K , K
E(O_O—2T—1/2DL*) _ 0_0—2T—1/2 Z (nOt_ <770 O>T/10t)(7]1t i <770 O>T/€1t)
t=N-+1 <’i0> KVO>T <K0, HO>T
N+T
S » o) (Sy . ko)
_2T—1/2 C S—i— . < 00 S+ . 0> .
+ o0, t:;H OU<< ot </10,/<60>T H()t)a( 1t —<50,/€0>T Klt))

The first term is T—Y/2¢y 7, see (21). The second term is, using Cov(Sy;, Si;) = 0, see (65),
equal to T-1/2 times

E(Sy, ko)r(Sy k1) E(ST, ko)1 (Sy, ko)1 N E(Sy . ko)3 (Ko, K1)

<f<60, /10>T </fo, HO>T </€0, /‘io>2T
_ _(FGO, K1)T _ E(SY, k0)7(Sg , ko) | (Ko, K1)T _ _E(Sf, HO>T<SS_7 Ko)T R
(Ko, Ko)T (Ko, ko) (Ko, Ko)T (Ko, Ko)T w7

see (69) and (23).
(76) and (79): The first term of T-'D*L* in (83) is analyzed below and is of the order of 1
and T~/2. In the second term of (83) we find L,,.(do, pt(do)) = 02(kq, ko) = O(1) and

N+T N+T

Lau(do, p(do)) =T Y (Sgtnoe—(fi—po) ko) ket T D~ kou(Sty+me—(fi—po)kae) = Op(1),
t=N+1 t=N+1
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and hence T Ly, (do, u(do))?/ L, (do, 11(do)) = Op(T™1) and can be ignored. Thus we get

N+T

00T 'D°L = 0T~ Y (S, +me — (i — po)rne)?
t=N-+1
N+T

+oy T Z (Sg: + 10e — (71— o) kor) (S + 120 — (b — po)ize) + Op(T7H).
t=N-+1

By Lemma B.1 it holds that (n,,,7,)7 = O(1) and (S;},n,)7 = Op(1) such that

N+T
03 T DL = 0> T~ Y E(S)? + T2 (Myy + Mgyr) + Op(T7)
t=N+1

=G+ T_1/2<M1J§T + M(;ET) + OP(T_I(IOg T))

using also (66) and (74).
(77) and (80): For the third derivative it can be shown that the extra terms involving
derivatives pq(dp) and p44(do) can be ignored and we find

N+T
00 T 'D°L* = 03T > (S, + nu — (1 — o) kae) (o, + 20 — (7 — po) o)
t=N+1
N+T
+og T Z (Sor +10e — (/1 — 110)%0t) (S, + mse — (f1 — po)riae) + Op(T ™)
t=N+1
N+T
=37 My +30,°T " > E(S1,85) + T7* My + Op(T™") = =6¢3 + Op(T~/?),
t=N+1

where the second-to-last equality uses Lemma B.1 and the last equality uses Lemmas B.2
and B.3, (67), and (74).
(81): For the function L%(d), see (15), we find

N+T
00> T~ *DL; = 0T )~ (Sgh + moe — (C = p1o)kon) (S, + e — (C — po)kiny),
t=N+1
with expectation given by
N+T N+T
02T > (noy — (C = po)ror) (= (C' = po)kiae) + 09 2T~ >~ Cov (S, Sif)
t=N+1 t=N+1
N+T
= 0> T2 3" (j0r — (C — uo)or) (e — (C — po)rine) = T35 1 (do).
t=N+1

The remaining derivatives give the same results as for L*. Notice that the two factors in the
sum in the score are independent so there is no term corresponding to 7y 7. [
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Appendix C Proofs of main results

C.1 Proof of Theorem 1

We first show that the likelihood functions have no singularities. When ¢t > N + 1 we can
use the decomposition m_1(—d + 1) = nn(—d + 1)ay—1(—d + 1), see (37). We find in the
second term of L*(d) in (12) that the factor mx(—d + 1)? cancels and

(i (A X ko(d)? D2y (AFX a1 (—d + 1))

Sy For(d)? S v (—d + 1)2

This is a differentiable function of d because EiVJ;VTH ani-1(—d+1)? > ayny(—d+1)* =1,
see (37). Note, however, that /i(d) has singularities at the points d = 1,2,..., N.

We next discuss the estimator d. The proof for d, is similar, but surnpler because in
that case ji(d) = C does not depend on d. The arguments generally follow those of JN
(2012a, Theorem 4) and Nielsen (2015, Theorem 1). To conserve space we only describe the
differences in detail.

C.1.1 Existence and consistency of the estimator

The function L*(d) in (12) is the sum of squares of
AJ(X, — fi(d)) = Ay Pee + mi(d) — (uld) — pro)rioe(d),

see (51), so that we need to analyze product moments of the terms on the right-hand side,
appropriately normalized. The deterministic term 7,(d) was analyzed under the assumption
of bounded initial values in JN (2012a, Lemma A.8(i)) as D;(¢)) with b=d, i = k = 0, and
ag = [y = 0, where it was shown that

sup |n:(d)| — 0 and sup max [t7%+ 2, (d)] — 0 as t — oo.
—1/2—k<d—do<d—dg d—do<d—do<—1/2—x 1SIST

This shows that 7,(d) is uniformly smaller than A% %¢, (appropriately normalized on the
intervals —1/2—x <d—dy < d—dyand d—dy < d—dy < —1/2— k), and is enough to show
that in the calculation of product moments we can ignore 1,(d), which will be done below.

The product moment of the stochastic term, Zi\;}TH(A‘fV_dogt)Q, is analyzed in Nielsen
(2015) under Assumption 1 of finite fourth moment. Following that analysis, for some
0 < k < 1/2 to be determined, we divide the parameter space into intervals where A?\fdogt is
nonstationary, “near critical”, or (asymptotically) stationary according to d — dy < —1/2 —
Ry, =12 -k <d—dy < —=1/2+k,or —=1/2+ Kk < d — dp.

Clearly, dy is contained in the interval —1/2 + k < d — d, and we show that on this
interval the contribution from the second term in the objective function

_ 1 Ni:T (Addog)2 = iVervTH AfrlvfdogtaN,t—l(l —d)]?
= N
t=N+1 Zt N1 ang-1(1 = d)?
N+T
_ _ Ar(d)?
=71 Adrdogy2 10 4
Z ( N 815) BT(d) (8 )

t=N+1

29
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say, is negligible. It then follows that the objective function is only negligibly different
from the objective function obtained without the parameter y, see e.g. Nielsen (2015), and
existence and consistency of d follows for the interval d — dy > —1/2 + k.

The two intervals covering d — dy < —1/2 + k require a more careful analysis, which is
given subsequently. Following the strategy of JN (2012a) and Nielsen (2015), we show that
for any K > 0 there exists a (fixed) x > 0 such that, for these intervals,

P(inf Rp(d) > K) — 1 as T — oo. (85)

This implies that P(d € {d : d —dy > —1/2+ k}) — 1 as T — o0, so that the relevant
parameter space is reduced to {d : d — dy > —1/2 + k} on which existence and consistency
has already been shown.

C.1.2 Tightness of product moments

We want to show that the remainder term, T-*Ar(d)?/Br(d), in (84) is dominated by the
first term on various compact intervals. The function Br(d) is discussed below, and we want
to find the supremum of the suitably normalized product moment My(d) = T*(log T)? Ar(
by considering it a continuous process on a compact interval IC; that is, we consider it a
process in C(K), the space of continuous functions on K endowed with the uniform topology.
The usual technique is then to prove that the process My is tight in C(K), which implies
that also supyex |Mr(d)| is tight, by the continuity of the mapping f +— sup,cx | f(u)|, that
is sup e Mr(d) = Op(1).

Tightness of Mz can be proved by applying Billingsley (1968, Theorem 12.3), which
states that it is enough to verify the two conditions

EMy(do)? < c, (86)
E(Myp(dy) — Mp(dy))? < c(dy — dy)? for dy,dy € K. (87)

In one case we will also need the weak limit of the process M7, and in that case we apply
Billingsley (1968, Theorem 8.1), which states that if My is tight then convergence of the
finite dimensional distributions implies weak convergence. Thus, instead of working with the
processes themselves, we need only evaluate their second moments and finite dimensional
distributions.

Specifically, by a Taylor series expansion of the coefficients we find

T (do — dr)an t4m—1(1 — di) — T (do — d2) N ppm—1(1 — d2)
= —(dy — do){D7p(do — dy, )an s rm—1(1 — dy, ;) + T (do — d, ) Dan s rm—1 (1 —d;, )}
for some d;‘n’t between d; and ds. It follows that if d; and ds are in the interval IC, then also

dy,+ € K, so that any uniform bound we find for ¥ DMz(d)? for d € K will also be valid for
dy, ;- This shows that to prove tightness of Mr(d), it is enough to verify

sup EMr(d)? < ¢ and sup E(DMr(d))* < c. (88)
ek dek

C.1.3 Evaluation of product moments

We evaluate product moments on intervals of the form d > 1/2—¢ ord < 1/2—¢, as well as
d—dy>—1/2—kord—dy < —1/2— k. Some of these intervals may be empty, depending
on d and d, in which case the proof simplifies easily, so we proceed assuming all intervals are
non-empty.
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The product moment Br(d) = ZiVJJ“VTH ani1(1—d)?. We first find that

inf Br(d) > 1 (89)

d>0

because Br(d) > ann(l —d) =1.
Next there are constants ¢y, ¢y such that

0<c < sup T*7'Bp(d) < ¢y < o0 (90)
d<d<1/2—¢

This follows from (41) because

y N+T NI N+T + .

2d—1 2 . 2m—1 —2

T > an;(1-d) = (m) Ty (f) (1 +ex(d)),
=N+ =N+

which converges uniformly in d € [d,1/2—¢] to (N!/T'(1—d+ N))?/(1—2d) which is bounded
between c¢; and ¢y because 26 <1 —2d <1 — 2d.

Finally,

— 2¢
inf T*'Br(d) > - (N +1)/T) , (91)
1/2—-£<d<1/2+¢€ 2¢

which again follows from (41) because (t/T)~2¢ > (¢/T)?~! which implies that

N+T T . 2¢
T2 B.(d) > T Z (1)25—1 > CT—2§/ W2 gy — cl (N +1)/T)
t=N+1 N+1 2€

The product moment Ar(d) = IZ\SVTH A?V*dogtaN,t,l(l —d). We find that

N+T N+T—t
= Z epni(d), Pnu(d) = Z Tm(do — d)an tym—1(1 — d).
t=N+1 m=0

From (38) and (39) we find |py+(d)| < CZN+T Pmdo=d=1(¢t 4 m)~¢, and

N+T N+T N+T—t

EAp(d)? =05 Y ona(d?<c Y { Y mO i+ m)™y,

t=N+1 t=N+1 m=0

while DAr(d) contains an extra factor log(m(t +m)).

We give in Table 2 the bounds for EAr(d)? for various intervals and normalizations.
These follow from first using the inequalities (t +m)~? < (t + m)~Y?*¢ when d > 1/2 — ¢
and T%(m +t)~¢ < ((m +1)/T)"/**¢ when d < 1/2 — ¢, and similarly for d — dy. We then
apply the result that

N+T - N+T—t m - ttm Liers
Ty AT )| )T )T =00)
t=N+1 m=0

because the left-hand side converges to fo { f u™ Y2 (y 4 0) TV du Y2 dw.
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Table 2: Bounds for Ar(d)

Second moment d d — dy Upper bound on second moment Order
EAr(d)? >1/2—¢ >—1/2—k S (Sm V2Rt +m) VFHE s
ET* Ap(d)? <1/2—-¢ >-1/2—kr > ( mel/%ﬂ(HTm)*l/?%)? T2+2k
ET?@dot D An(d)? >1/2 -6 < —1/2—5 S (3 (2) V2t 4m) 12162 o2

ET4d—2d0+2AT(d)2 < 1/2 _f < _1/2 — K z (Z (%)—1/2+H<HTm)—1/2+5)2 T3

Note: Uniform upper bounds on the normalized second moment of Ar(d) for different restrictions on d and

d — dy. The bounds are also valid if we replace k by —k or & by —¢&.

Table 3: Bounds for Cr p(d)

Second moment d d — dy Upper bound on second moment Order
ECT7M(d)2 2 1/2 —f Z _1/2 — K Z(Z mfl 2+n(t + m)—l 2+§>2 M1+2KT2§
ET2dCT7M(d)2 < 1/2 o 5 > _1/2 — K Z(Z m71/2+n(t+Tm)—1/2+§>2 MAH2RT

Note: Uniform upper bounds on the normalized second moment of Crp pr(d) for different restrictions on d
and d — dj.

The product moment Cy 1 = Zﬁ}TJrMH{ZnM:BI mn(do — d)et—pn}ani—1(1 — d). Now
we analyze another product moment, which we find by truncating the sum Aﬁl\,—d%t =
Zf:g*l 7n(do — d)ey_p, at M =T for a < 1, and define

N+T min(M—1,N+T~t)
Cru(d) = Z e (d), Unae(d) = Z T (do—d)an trm-1(1—d). (92)
t=N+2 m=max(N+M+1—t,0)

The coefficients are the same as for Ar(d), but the sum ¢y ar+(d) only contains at most M
terms. We give in Table 3 the bounds for the second moment of C75/(d), which are derived
using the same methods as for Ar(d).

We now apply the above evaluations to study the objective function in the three intervals
d—dy>—-1/24+k,—1/2— Kk <d—dy < —1/2+ Kk, and —1/2 — k < d — dy.

C.1.4 The stationarity interval: {d —dy > —1/2+k} N D

We want to show that A (d)?
sup |T—1 T( )

= op(1),
{d—do>—1/2+K}ND Br(d) P(1)

and consider two cases because of the different behavior of Br(d).

Case 1: If d > 1/2 — ¢ welet K = {d >1/2 -&d—dy > —1/2+ k} N'D and use
(89) to eliminate Br(d) and focus on Ar(d). From Table 2 we find using (£, —k) that
supe E(T1Ar(d)?) = O(T*72%). For the derivative we get an extra factor log7T in the
coefficients and find sup E(T~Y(DAr(d))?) = O((log T)?T*~2%).

It then follows from (86) and (87) that My (d) = T-Y/***~¢(log T) ' Az(d) is tight. Be-
cause convergence in probability and tightness implies uniform convergence in probability it
follows that

sup Tt Ar(d)? = Op(T2"*(log T')?) = op(1) for £ < k.
ek
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Case2: If d <1/2 - ¢ wedefine K ={d <1/2—-¢& d—dy > —1/2+ k} ND. From (90)
we find that supe E(T A7 (d)?/Br(d)) < csupg E(T?*?Ar(d)?). From Table 2 we then
find for (&, —r) that supg E(T?*2Ar(d)?) = O(T~?F). For the derivative we get an extra
factor log 7. Thus, supx E(DT9Y2Ar(d))? = O((log T)?*T~2%) and (log T) " *T*T* ' Ar(d)
is tight, so that

Ar(d)?
sup ‘T_lﬁf < csup T2 Az (d)* = Op((log T)*T %) = op(1).
dek Br(d) dek
C.1.5 The critical interval: {-1/2 -k <d—dy < -1/2+ Kk} ND

For this interval we show that (85) holds by setting  sufficiently small. As in JN (2012a)
and Nielsen (2015) we apply a truncation argument. With M = T, for some o > 0 to be
chosen below, let

M—1 t—n—1
A% e, = 37 ma(do — vy + Y Taldo — d)ern = wig +war t > M+ N +1,
n=0 n=M

such that the objective function (84) is

-1 - d—d AT(d> 2 -1 - 2
Re(d) =T > (A% ™e —ayea(l— )5 (d)) >T > (wutw)?, (93)
t=N+1 T t=N+M+1
where v; = woy — an—1(1 — d) g;gz;. We further find that
» N+T o ) Ar(d)
Re(d)>T7" Y wi+207" Y wywy — 2T Cr(d) (94)

t=N+M+1 t=N+M+1

where C7p/(d) is given by (92). The first two terms in (94) are analyzed in Nielsen (2015),
where it is shown that by setting  sufficiently small, the first term can be made arbitrarily
large while the second is op(1), uniformly on |d —dy+1/2| < k; for some fixed k1 > k. Thus
it remains to be shown that the third term of (94) is asymptotically negligible, uniformly on
the critical interval, that is,

sup T 'Cr(d
\d—do+1/2|§n1’ . )BT(d)

We consider two cases depending on d.

Case 1: Let K ={1/2—¢ <d,—1/2— k1 <d—dy < —1/2+ K1} ND. From (89) we have
Br(d)™! < 1 and from Table 2 we find for (£, k) that supx EA7r(d)? = O(T'21+2%) and
supx E(DA7(d))? = O((log T)?*T*+?%1%2¢) such that supy |Ar(d)| = Op((log T)T/ > +¢),

From Table 3 for (£, x;) we then find supx ECr (d)? = O(M*2T28) = O(T(1+2m1)+2€)
and also supx E(DCr(d))? = O((log T)2 M+ 7% = O((log T)?T*(1+2r1)+2¢) " such that
supy |Cr.a(d)| = Op((log T)T*(1/2+51)+€) " This shows that

sup T~ Cr s (d)

-0 loc T 2Ta(1/2+n1)—(1/2—n1—2§) _ 1
Sup BT(d)| p((logT) ) = op(1)
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for a < (1/2 — k1 —26)/(1/2 + K1).

Case 2: Let K = {d < 1/2-¢,-1/2 -k < d—dy < —1/2+ K1} ND. From (90)
we find supg [T'2¢Br(d)7!| < ¢, and we find from Table 2 that sup,e E(T4 A7 (d))? =
O(T?1) and therefore supy E(DT?'Azr(d))? = O((logT)?*T**). From Table 3 we get
supx E(T% 107 (d))? = O(M¥2T—1) = O(TH+2)-1) and sup E(DT1Crp(d))? =
O((log T)2M**2:7=1) = O((log T')?>T*(*+2%1)=1), Hence

_ Ap(d)
T-Cr(d
321%' 1l )BT(d

for o < (1/2 — k1) /(1/2 + Kq).
C.1.6 The nonstationarity interval: {d —dy < —-1/2 -k} ND

| _ OP((logT)QTa(1/2+m)—(1/2—m)) _ Op(l)

~—

We give different arguments for different intervals of d, and we distinguish three cases.
Case 1: Let K = {1/24+¢ < d,d—dy < —1/2—~k}ND. For this interval the main term of
Rr(d) in (84) has been shown by Nielsen (2015) to satisfy (85), and it is sufficient to show,
with the normalization relevant to the nonstationarity interval, that
) Ar(d)*

sup T2(d—do =op(1). 95
2k Bo(d) ~ "W (55)

We use (89) to evaluate Br(d)~! < 1 and find from Table 2 for (—¢, k) that supy E(T4%) Ap(d)?) =
O(T~%) so that E(DT4 % Ar(d))? = O((log T)*T~%), which shows that

2(d—d0)AT(d)2 _ 2—2€\ __
sup T = Op((logT)*T~*) = op(1).
dek Br(d)
Case 2: Let C={1/2—-¢<d<1/2+¢(,d—dy < —1/2—k}ND. Again the main term
of Rr(d) in (84) has been shown by Nielsen (2015) to satisfy (85), and we therefore want to
show that

s |T2(d—do) AT(d)2 SUPd.eIC T2(d—do)T2d—1AT(d)2
dek Br(d) infgex [1%471 Br(d)|
but can be made arbitrarily small by choosing ¢ sufficiently small.
It follows from (91) that the denominator T%?*By(d) of (96) can be made arbitrarily
large by choosing ¢ sufficiently small, because (1 — ((N + 1)/T)%)/2¢ — log(T/(N + 1))
for £ — 0. We next prove that the numerator of (96) is uniformly Op(1), which proves the
result for Case 2. From Table 2 for (k, &) we find supy. B (7240721 A(d)?) = O(1). The
derivative of T4"%T ¢y ,(d) is bounded by

| < = 0p(1), (96)

N+T—[Tv]
-1 Z (T)do—d—l(m%)_dlog(%(%w))a
m=N-+1

which converges to fol_v w0~y 4+ u)~4log(u(u + v))du < oo for d € K. Thus no extra
log T factor is needed in this case, and we find that T9-%T9~1/2 A;.(d) is tight, which proves
that supy [T9" T2 Ar(d)| = Op(1).

Case 3: Finally, we assume d < d < 1/2—-¢ andd—dy < d—dy < —1/2 — k. We
note that on this set the term T'~2¢Bp(d)~! is uniformly bounded and uniformly bounded
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away from zero, see (90), so we factor it out of the objective function. We thus analyze the
objective function

N+T
Ryp(d) =T Z (AN ®e)’ans1(1 = d)? = (AN Pe)an 1 (1 — d)(AY Pe)an 1 (1 —d)) .

t,s=N+1

The most straightforward approach would be to obtain the weak limit of T2(@~do+1/2) R,
from the weak convergence of T4 +1/ 2A§l\,—d°5t on d—dy < 1/2— k and the uniform conver-
gence of T N,[TU}*I( 1—d) — F(1+!+N)“_d- However, the former would require the existence
of Elgy|? for ¢ > 1/(d — do — 1/2) > 1/k with k arbitrarily small, see JN (2012b), which
we have not assumed in Assumption 1. We therefore introduce Ajl\fdoflet, the cumula-
tion of Aﬁl\fdoat, to increase the fractional order sufficiently far away from the critical value
d — dy = —1/2, so the number of moments needed is ¢ > 1/(1 4+ k). To this end we first
prove the following.

Lemma C.1 Letay, b, t =1,...,T, be real numbers and A; = ZZ=1 as,B; = > | bs. Then

s=1"5

N

T —1
2 2
T -1 > (a7b? — absaby) > (G =1y 2 edr = e = bir14y))’.

t,s=1 t=1

Proof. We first find
T T
Z Z(afbi — azbsaghy) = Z (afb? + agbf — 2absasb;) = Z (abs — asbt)Q.
=1 s—1 1<s<t<T 1<s<t<T

The proof is then completed by using the Cauchy-Schwarz inequality,
2 2

(s Z (asbs — ashy))® < Z (asbs — ashy)?,
nr-1) 1<s<t<T nr-1) 1<s<t<T
together with >°, ., _p(ashs — asby) = 30 b(Ar — Ay) — S0, beAr 1. =
Applying Lemma C.1 to T 2*2dﬁR*T(d) we find that for a, = A% e, and b, =
ans_1(1 — d) it holds that Ri(d) > 2T7*d=D=1Q(d)? where
N4+T-1
Qr(d) =T* 0712770 3 (a1 (1=d) (A © eniro1) —(an1 (1=d)tan(1-d)) (A% ©7ey)).
t=N+1

(97)
Following the arguments in JN (2012a) and Nielsen (2015), we show that Q7(d) converges
weakly (in the space of continuous functions of d) to a random variable that is positive
almost surely.
Let L ={d—dy—1< -3/2—kr,d < —1/2— &} ND. Assumption 1 ensures that we
have enough moments, ¢ > max(2,1/(1+4k)), to apply the fractional functional central limit
theorem, e.g. Marinucci and Robinson (2000, Theorem 1), and find for each d € K that

N!

TdOéNJTu}_l(l —d>Td7d071/2A§lvid071€[Tu] = —F(N + 1 — d)

u” "Wy, —q(u) as T — oo on D[0, 1],
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where “=" denotes weak convergence and Wy,_q(u) = (I'(do —d+ 1))~ ['(u— s)%~4dW (s)
denotes fractional Brownian motion (of type II) and W denotes Brownian motion generated
by &;.

Because the integral is a continuous mapping of D|0, 1] to R it holds that

Qr(d) = Q) — — " ; /0 w (W o) — 2Wa a(u))duas T — 0o (98)

'(N+1-

for any fixed d € KC. We can establish tightness of the continuous process Qr(d) by evaluating
the second moment, using the methods above. For all terms we see that it has the same
form as Ar(d) except that (d — dp,d) is replaced by (d — dy — 1,d) and hence the result
follows as the results for Ar(d). This establishes tightness of Qr(d) and hence strengthens
the convergence in (98) to weak convergence in the space of continuous functions of d on K

endowed with the uniform topology.
It thus holds that

. % > . 2(dp—d)—1 2 > 2K 3 2
érellfC. RT(d) = QéIellfC'T QT(d) + 0p(1> = 2T églfc QT(d) +0P<1),

where infgex Qr(d)? > 0 almost surely and x > 0. It follows that, for any K > 0,

P(Cilg]fCR}(d) >K)—1lasT — oo,

which shows (85) and hence proves the result for Case 3.

C.1.7 Asymptotic normality of the estimator

To show asymptotic normality of d we apply the usual expansion of the score function,
0 = DL*(d) = DL*(dg) + (d — do)D>L*(d*),

where d* is an intermediate value satisfying |d* — do| < |d — dy| L. 0. The product moments
in D?L*(d) are shown in JN (2010, Lemma C.4) and JN (2012a, Lemma A.8(i)) to be
tight, or equicontinuous, in a neighborhood of dy, so that we can apply JN (2010, Lemma
A.3) to conclude that D?*L*(d*) = D?L*(dy) + op(1), and we therefore analyze DL*(dy)
and D2L*(dp). From Lemma B.4 we find that o ?T~Y2DL*(dy) = My, + Op(T~Y?) and
0y 2T ID2L*(dp) = (o +Op(TY?) = 72/6+Op(T~1/?), and the result follows from Lemmas
B.2 and B.3.

C.2 Proof of Theorem 2

First we note that, as in the proof of Theorem 1 in Appendix C.1.7, we can apply JN (2010,
Lemma A.3) to conclude that D*L*(d*) = D3*L*(dp) + op(1). We thus insert the expressions
(75), (76), and (77) into the expansion (17) and find

Ao + T71/2A1
Bo + T-/2B,

71/2<A0 + T71/2A1 9 C()

1/2037 _
Td = do) = Bo+T B, By+ T 7B,

1
= + OP(T71/2>,
2

which, using the expansion 1/(1 +z) =1 — z+ 2% + ..., reduces to

AO Al A[)Bl 1 A%CO
Bo By Bl 2 B

TY2(d — dy) = —=2 — T~/ )+ op(T?).
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We find that E(Ag) = E(Mg,) = 0, so the bias of T(d — do) is, from (78)~(80),
E(A)) E(A¢B1)  1E(A2)C
g T m o )W
0 0 0
Enr(do) +Tvr(do)  B(Mgip(Miy + Miyr)) + 3E(MGT) 665
G2 G

=
From Lemma B.2,
E(Mgy (M + Mgyr)) +3E(Mg7) Gyt = —4¢s — 2G5 + 3¢ = =33,

see (66)—(68), so that we get the final result —(Ey7(do) + Tvr(do) + 3¢5 )¢ + o(1).
For the estimator d. we get the expansion (99), but use (81) instead of (80).

C.3 Proof of Corollary 1

)+ o(1).

We suppress the argument d and want to evaluate £y and £ 5, see (21) and (22). From
(57) and (58) we find that (no, 1)z, (o, k1)1, (M, ko), and (k1, k)7 are all bounded by
(14 N)~min@2d=D+e which shows the result for £§ ;. To find the result for v, it only
remains to be shown that (1, ko)7/ (Ko, ko)r is bounded. We find from (62) that |9y (d)| <
ch.V:Oal |mij(—d)|. We apply (37) and note that, for a given d and ¢ > N > d, the
coefficients 7,4 ,;(—d) = mn(—d)an,1j(—d) = mn(—d) Hﬁg\,ﬂ(l — (d + 1)/i) are all of the
same sign for j > 0. If this is positive, we have, see (47),

No—1 o]
o Im(=d)| < meyi(—d) = —ma(—d+1) > 0
=0 =0

because t — 1 > N, and a similar relation holds if the coefficients are negative. Thus,
|not(d)| < ¢|koe(d)| and therefore

N+T N+T
(0, o)rl = 002 Y mou(d)ron(d)] < cog® > rou(d)? = e{ko, Ko)r-
t=N+1 t=N+1

C.4 Proof of Theorem 3

(i): We note that, because t > N + 1, we have ko (d) = m_1(—d+ 1) =0ford=1,..., N.
Similarly, because t +n > N + 1 for n > 0, we have
No—1

noe(d) = Y Toun(—d) (o — X_) =0for d=0,1,...,N +1,
n=0

and hence (1o, m)r = (Mo, kK1) = (M, ko) = (K1, ko)r = 0 for d = 1,..., N. This implies
that {7 and égj are zero.

(7i): Next assume d = 1. The case with N > 1 is covered by part (i), so we only need to show
the result for N = 0. For N = 0 we have xg; (1) = m,_1(0) = 14=1) and r1¢(1) = —Dm;_1(0) =
—(t — ].)_11{,5_121}, see (44) From (18) we find 7]0t<1) = 22:_N0+1 1(t—n:1)(Xn — IU()) =
L4=1)(Xo — po), whereas 7¢(1) is non-zero only for ¢ > 2 because otherwise the summation
over k in (19) is empty. Thus, 1y(1) and k(1) are non-zero only if ¢ = 1, but n;4(1) and
k1:(1) are non-zero only if ¢ > 2, and therefore £5'1(1) = & (1) = 0.

(#): From (37) it follows that ay(—d+1)|si=nt1 = HZ:N+1(i —N-1)/i=0fort > N+1
and therefore (71) shows that 7y 7(d) =0 for d = N + 1.
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C.5 Proof of Theorem 4

(27): For Ny = 0 we find from (18) that 7 (dy) = E;O Ten(—do) (o — X)) = 0, and that
is enough to show that &x r(do) = 0, see (21).
(28) and (29): We also find for ny,(do) = 0 that £§ ;- (do) simplifies to

N+T

5]?/,T(d0) =0y° Z (=(C—po)ror) (me—(C—po)k1e) = —(C—pio) ((ko, m)r—(C'—pio) (Ko, K1)7)-

t=N-+1

(30): The result follows from (27) and (70).

(81): If further N = 0, then both summations over n in (19) are empty, and hence zero,
such that 71(dp) = 0. It then follows from (28) that &5 ;(do) = (C — po)*(ko, k1)7, which
can be replaced by its limit, see (59).
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