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when markets are incomplete a change in the production plan can
change the slope as well as the position of a shareholder's
budget line, neither budget set may be included in the other.
Milne (1981) has shown that this disagreement may be so severe
that the Arrow Impossibility Theorem can be proved, in which case
the firm would have no well-defined objective function. Likewise
when there are externalities between the firm and its
shareholders, it is not in general possible for the shareholders
to offset the effect of a change in the firm's production plan
by trading in the market. ’

Thus production decisions are made by some collective choice
rule which aggregates the preferences of shareholders and
possibly other economic agents as well. This is important,
since the social choice literature has demonstrated that, in
general, we would not expect a group preference to be either
complete or transitive. Sen (1977) has argued that social
choice has considered two distinct problems, making a social
welfare judgement and making a collective decision. He argues
that welfare judgements are required to be transitive, but the
paradoxes of social choice may be avoided in this case by using
cardinal and interpersonally comparable utility. Collective
decision procedures must be based on ordinal utilities, however
it is.possible to make a decision, (ie, pick a best element from
a given set of alternatives) without having a transitive
ordering of all alternatives. Since the objective function of
the firm is a collective decision problem we shall adopt Sen's

suggestion of relaxing transitivity.
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number of shares which the firm has issued.) If for some good
supply is not equal to demand or some firm changes its production
plan the auctioneer then announces the new production plans of
the firms and a new set of prices. The individuals submit new
demands for the shares and the consumption good. The auctioneer
continues adjusting prices and the production plans of the firms
continue to be revised by preliminary votes until we have reached
a situation where supply equals demand for all goods and no
firm's production plan can be changed by its decision rule. The
agreed trades then take place at the mﬂmwwwvﬂwcs prices.

After proving our general existence result, we demonstrate

that some familiar decision rules, are special cases. As is well

known majority voting can be intransitive. Hence a voting
equilibrium may fail to exist. The previous 1literature has
resolved this problem in the following ways. The transitive
closure of the majority preference is used, restrictions are

placed on the profiles of individuals' preferences, a group of
individuals is given veto power or restrictions are placed on
the directions in which changes can be made (Kramer (1972)). All
of these approaches could potentially be applied to shareholder
voting.

However, the first is not suitable since McKelvey (1979)
has shown the top-cycle of majority rule is likely to include the
whole space, hence the transitive closure of majority rule will
declare too many alternatives to be indifferent. In particular
a point may be a convex combination of points collectively
preferred to it. This non-convexity of preferences is a barrier
to proving the existence of equilibrium.

The second approach is also difficult to apply to the
shareholder problem. As Sen (1970) (chapter 10%*) states the

restrictions which must be placed on preferences are very strong.

particular kinds of labour to the firm, (eg. top-level
management) .

In the present paper we assume that individuals vote in line
with their true preferences. (Individuals cannot make
themselves better off by misrepresenting their preferences under
the Kramer voting rule provided preferences are additively
separable between each issue voted on. For details see Kramer
(1972).) There is a second kind of strategic behaviour which we
do not consider. We assume that individuals do not purchase
shares in order to influence the firms' decisions, but only use
shares to transfer consumption between time periods and states
of nature. For consumers with measure zero such behaviour is
not possible. We plan future research to investigate this. It
seems plausible that our basic existence result could be extended
to cover strategic behaviour. The competitive case provides a
foundation for further study of these phenomena.

Roberts (1989) studies voting decisions by the members of
a trades union. He discovers the possibility of a form of
strategic voting. Suppose that an individual believes that a
small wage rise would be desirable since although total
employment may fall his or her own job was not at risk. The
individual may not vote for a raise, since it may cause a new
majority coalition to emerge which will vote for further wage
rises. It is possible that this process could continue until the
first individual's own job is at risk. Similar phenomena could
be found within our model. An individual may not vote for the
firm to adopt his or her most preferred production plan since to
do so may cause changes in the pattern of share ownership. With
the new ownership there would be a new majority among the

shareholders. This process could, eventually, lead to a
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shareholders. They could be other sets of individuals which are
determined by economic variables. Examples would be all
individuals who supply labour to the firm or individuals who
supply particular kinds of labour to the firm, (eg. executives).

A possible objection to our framework is to argue that in
practice few decisions of companies are made by a majority vote
of shareholders. There are two possible responses to this.
Firstly it could be the case that the decision-making procedures
of large corporations are, in principle, democratic, however,
in practice, small coalitions are able to exercise effective
control by strategic behaviour. . This is compatible with our
model and indeed the model was developed to investigate such
problems. Secondly it may be the case that firms' decisions
are not, even in principle, made by a majority vote. It is
likely that our existence result could be extended to such
circumstances. The proofs we give do not rely on specific
properties of majority rule. Any other decision procedure with
suitable continuity properties could be substituted.
1.3 oOutline of the Paper

In section 2 of the present paper we present a general model
of a economy which allows for both incomplete markets and
externalities in production. Firms' decisions are represented
by a set of preferences, which are derived from an abstract
collective choice rule. In section 3 of the paper we consider
some decision rules for the firm which satisfy the assumptions
of our general model. In section 4 we conclude by relating our
research to other papers in this area and by outlining some

possible extensions.

preferences cancel in pairs. The largest shareholder dominates
because the other voters' preferences cancel. These symmetry
conditions are clearly non-generic. De Marzo provides an
example in which equilibrium can be shown to exist and to be
robust to small changes in parameters. This shows that non-
existence is not generic. However it does not establish the
existence of equilibrium in any great generality.

Sadanand and Williamson (1991) prove the existence of a
situation which is a voting equilibrium (in the sense of
Kramer (1972)) in firm's decisions and such that it is not
possible to bring about a Pareto improvement by reallocating
shares and first period consumption. This is not a competitive
equilibrium in the usual sense. While the second fundamental
theorem guarantees that any Pareto Optimum will be a competitive
equilibrium for some initial endowment, a given Pareto Optimum
will not be a competitive equilibrium for an arbitrary endowment
unless lump-sum transfers between shareholders are made. Such
transfers are contrary to the spirit of a non-cooperative model.
In the present paper we prove the existence of a state of the
economy which is simultaneously a competitive equilibrium in
markets and a voting equilibrium in firms' internal decisions,
for arbitrary initial endowments. Put more strongly Sadanand
and Williamson show that there exists an initial endowment which
will lead to an equilibrium, while we show that such an
equilibrium exists for all endowments.

Dreze considers a modified version of majority rule where
some players have a veto and proves existence of a simultaneous
voting and exchange equilibrium. We extend Dreze and the other
literature in the following ways. Our results apply to
continuous as well as discrete distributions of individuals.

This is important since many of the implicit assumptions such as

19
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production plan of firm f and y denotes the vector <y%,...,y™ .

The presence of the firms' production plans in the utility
function allows for the possibility of externalities between the

firm and the individuals.

Assumption 2.1 The utility function will be assumed to satisfy
the following properties;
a. The utility function u is measurable,

b. u is continuous in x and y,

c. u is increasing in x and strictly increasing in x3

d. u is strictly quasi-concave in x.

Individual a¢ is assumed to have a consumption set Xx¢

which is a compact and convex subset of R} | Let X = Rmmkn .

Individual o is assumed to have endowments x: and 0°° of

consumption good in state s and of shares in firm £,
respectively. Both endowments are assumed to be measurable
functions of a. The endowment of the consumption good is assumed
to lie in the interior of the consumption set. Individual a's
demand for shares in firm f 1is constrained to 1lie in the

set 6% = {8:k0° < 6° < K} , where 0 < k < % and K is some

constant sufficiently large to ensure that 6® is non-empty for

almost all «a. Let © = nmm e . Individual a's budget

F F
constraint is, gx; + Y, g, 0% < gx, + Y q, 0% .
=1 =

Firms There are F firms, 1 < f < F. Each firm f, controls a

vector y' € RS*!. The vector y' is constrained to lie in a

F
compact convex subset Yf of RS*!. Define y= x Yf .

f=1

Suppose that a is such that {(* 20 , then there exists
A®:0 < A® < 1 such that yf =A%y, + (1-A%)y® . By strict quasi-

concavity we know that @ prefers y' to y,. Since y, € Pf5(z) we
may deduce that strictly less than half of the shares are owned

by individuals with {* >0 . However by similar reasoning we
can also show that strictly less than half of the shares in firm

f are owned by individuals with {®*<0 . This is a
contradiction. The result follows.

n .

Remark The conditions given in sub-sub-section 3.1.2 are

sufficient for preferences to be strictly quasi-concave in yf .

The graph I' of m..MANV is an open set.

Proof Let -TI' denote the complement of TI. We shall show that
-I' is closed. Let ANﬁbun:v be a sequence of points from -T,
which converges to a limit ANQVMV . Define,
J, = {a:u(z;7,9%) < u®(z,)} and J = {«:u®(z75,9%) < u*(z)} .

Let x, (resp. x) denote the indicator function of the set J,
(resp. J). By continuity of u if a € J, then for all
sufficiently large n, a € J,. Hence 1liminf x, > x. By

Fatou's lemma,

?aii%g < \Eswnm 8%y, (¢) dv (a) < Esmsm?nwi&%?v < .
(3.1)
The last inequality follows from the fact that Awaioum:v e T .

- vl

Equation (3.1) implies that <z,y

result follows.
| |

> is an element of -I. The

17
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c. for all w e W, B(w,.) is a continuous correspondence.

4. P is a correspondence such that
a. the graph of P(..) belongs to
Q x B(L*<p,Xx(.)>) x B(RY)
b. Ywew, the graph of P(w,.) is open in the set

X(w) x L*(p,Xx(.)) ,
c. for almost all w € w, for all

x € LY (p,X(.)), x(w) € co(P(w,x)) ,

then there exists a Nash equilibrium for the abstract economy,

ie there exists x* € X such that for almost all w € W,

X" € B(w, x") and B(w,x") N P(w,x*) = o.

Theorem 2.2  Under the above assumptions a simultaneous voting

and exchange equilibrium exists.

Proof We shall add an additional agent, agent 0, who will play
the role of the auctioneer. The preferences of agent 0 are

defined as follows;

F
P°(z2) = (g'ed: (q) - q,) [(x3-Xe)de + Y (gF - qp) ([eefda - 1) > 0}.
f=1

Define the preferred set, P%(z) of individual a by

P*(z) = {R%eX*:u*(R*,y) > u*(x*,y)} , where z =<x,y,0,g>. Let
<A*,Q*,u*> be the measure space derived from <A,0Q,u> by adding

F+1 point masses corresponding to the auctioneer and the F firms.
Each of these point masses is given measure 1. By the Kahn-Vohra
Theorem there exists a Nash equilibrium z*.

The correspondence B is interpreted as the budget set of an
individual, the price simplex for the auctioneer or the

production set of a firm. In the case of firms, if it is

10

we hope to be able to relax it in future research. Many firms
have a divisional structure, which implies that in any single
decision it is only possible to change a few parameters.
Although a division would not typically be responsible for
deciding output in a single state of nature, it is possible that
our analysis could be extended to the case where firms' decisions
are made along divisional lines.

The above restrictions on changes in production can result
in the firm's strategy set failing to- satisfy the convexity
assumption of the Kahn-Vohra Theorem. We can overcome this
problem by modelling the firm as having S preferences one for
each direction of allowable change. As we shall show below each
of these "directional preferences" have a strategy set which

satisfies the assumptions of the Kahn-Vohra Theoremn.
Definition 3.2 Define a correspondence Bf:yf -yl by
Bi(yf) = (pfevt:gf=yE,1<0s5S, ors} , ie. PE(yf) 1is the set

of feasible production plans of firm f, which only differ from y?
in period 0 and period 1, state s.

The set umﬁ%mv is the counterpart of the correspondence
B(.,.) for the preferences of firm f in direction s in the Kahn-
Vohra framework. It inherits the properties of being closed and

convex from the set Y?f .

Definition 3.3 The s-preference of firm f is a correspondence

Pi(z):Z - Bi(yf) defined as follows. Let

0(pf,z) = {aca:u®(z5,p5) > u*(2)} and

15
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Definition 3.1 Define the veto correspondence Vf(z): Z - Y*
by vi(z) = {pfeYf:Vge Gi(z), ud(zf,pf) > ud(z)} , where
<zf,9f> denotes that state of the economy, which agrees with
z expect that the production plan of firm f has been changed from yf
to pf.
Since group Gf(z) of individuals has veto Pf(z) c Vf(z) .

If yf € co(P9(z)) for some g€ Gf(z) , then yf ¢ co(Pf(z))
and hence the convexity assumption of Theorem 2.2 is satisfied.

Assumption 3.1 We assume that Gf(z) is a finite set of
individuals, all of whom have positive measure.

To be able to apply the Kahn-Vohra existence theorem we need
to establish that Pf has open graph. Assumption 3.1 is

necessary since if Gf(z) has measure zero then Vf(z) will not
be continuous. If the set of individuals is finite, Assumption

3.1 imposes no restriction. Therefore this analysis

generalises the model of Dreze (1989), which assumes a finite set

of individuals throughout. In addition to prove the graph of V£(z)
is open we also need the following assumption.

Assumption 3.2 For each z € Z and each f: 1 < f < F, there is

an open set U such that z € U and for all z/ € U, Gf(z/) ¢ Gf(z) .

This is a continuity assumption and is needed for technical
reasons. Examples which satisfy this assumption are giving veto
to all individuals who own more than a certain fraction of the
firm or the k largest shareholders in the firm, with ties
settled by the union rule. Assumption 3.2 and these examples

were previously used by Dreze (1989).

Under assumptions 3.1 and 3.2 the
correspondence V£f(z) has open graph.

12

Proof Let I denote the graph of Vi(z) . m:vvomm that
<zx,yH el . Then by definition of r, Vg € G,
ud<z* £,y > ud<z*> . Since Gf(z*) is finite, we may write
Gf(z*) = {gy,...,9,} for some integer m. By continuity of
u?" , there exists e; such that |z* - 2| <e;, [¥f - 7% < e

implies that u9<27f, 7% > u9<2> . By assumption 3.1, there

exists e* such that [z* - 2| < e* implies Gf(z/) c Gf(z) . Let
e = min{e*,€,,...,€,} then if lz* -2l <e, Iyf-9fl<e,

V g €Gf(2), ud<2f,yf> > u9<2> . The result follows.
|

Corollary 3.1 Let Df:Z - Yf be any measurable correspondence
with open graph. Assume that assumptions 3.1 and 3.2 hold. Then

if Pf(z) = vi(z) N Df(z) , a simultaneous voting and exchange
equilibrium will exist.

Proof This is a corollary of Theorem 2.2 and Proposition 3.1.

Remark As an example let Df be the set of production plans
preferred by a majority of shareholders. This case is considered

by Dreze (1989), DeMarzo (1990), who interpret the set of
individuals with veto as the board of directors.
3.1.1 The Pareto Extension Rule

Suppose that a group G of individuals have to make a

decision for a set A of alternatives. The Pareto extension rule
is defined by, P(A) = {A’eA: YgeG, u9(A) > u9(A)} . 1In this case
all individuals in the group G have veto power. Suppose that

a firm's decisions are made by the Pareto extension rule applied

to the set Gi(z) , then sufficient conditions for the
existence of equilibrium will be satisfied provided assumptions

3.1 and 3.2 are satisfied. An example would be the set of all
individuals with positive shareholdings. In this case the

firm's decisions would be Pareto optimal among the set of

13



