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ABSTRACT. We propose a bootstrap procedure for data that may exhibit cluster dependence
in two or more dimensions. We use insights from the theory of generalized U-statistics to an-
alyze the large-sample properties of statistics that are sample averages from the observations
pooled across clusters. The asymptotic distribution of these statistics may be non-standard
if observations are dependent but uncorrelated within clusters. We show that there exists
no procedure for estimating the limiting distribution of the sample mean under two-way
clustering that achieves uniform consistency. However, we propose one bootstrap procedure
that is adaptive and point-wise consistent for any fixed data-generating process (DGP), and
two alternative procedures that produce inference that is uniformly valid, but potentially
conservative. For pivotal statistics, either procedure also provides pointwise asymptotic re-
finements over the Gaussian approximation when the limiting distribution is normal. Special
cases and extensions discussed in the paper include U- and V-statistics, subgraph counts for

network data, and non-exhaustive samples of matched data.
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1. INTRODUCTION

We consider inference based on a random array (Y;;) that is indexed by two dimensions,
where the indices i = 1,..., N (and ¢t = 1,...,T, respectively) correspond to units (“clus-
ters”) that are sampled independently at random from an infinite population, but we allow
for otherwise unrestricted dependence within each row Y, := (Yi1,. .., Yir), and within each
column Y ; := (Y, ..., Yn¢). There are various contexts in which a researcher may encounter
data with cluster-dependence along multiple dimensions:

Example 1.1. Cluster-Dependence. Cross-sectional data may be organized among mul-
tiple dimensions, e.g. a worker simultaneously pertains to a certain geographic labor market,
industry, and occupation. Dependence within any of these groups may result e.g. from com-

mon economic shocks, or other group-level variables, see Moulton (1990). Cameron, Gelbach,
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and Miller (2011) give a more comprehensive account of settings in empirical practice for

which cluster-dependence may result from sampling or other design decisions.

Example 1.2. Static panels, Difference-in-differences. One interpretation of this
setup is a panel in which cross-sectional units are observed over time, and the outcome of
interest 1s subject both to common aggregate shocks that are serially independent and unit-
level heterogeneity.! Two-way heterogeneity of this form is a characteristic feature of classical
difference-in-differences designs that aim to control for temporal shocks as well as unobserved
heterogeneity. Our framework does not restrict the number of distinct shocks, or how they

may interact in a generative model for the outcome variable Y.

Example 1.3. Matched data. For matched samples between different groups of units
1 =1,...,N and t = 1,...,T, respectively, Y;; measures an outcome at the level of the
match. This setup includes test scores for a random sample of students and teachers, or
wages (marginal product of labor) for a random sample of workers and firms. In such a
setting we often observe Yy only for a subset of the possible dyads (i,t) (non-exhaustively
matched samples). We discuss an adaptation of our bootstrap method to non-exhaustively

matched data in Appendiz B.

There are settings in wich the number of dimensions along which an array (Y;, ;,) may
be dependent could be greater than two. Our main framework can also be extended to cases
in which the indices of the array pertain to the the same units in each dimension, that is the
vip With g =1,... N foreach d=1,...,D. In
that case we refer to the data as D-adic (dyadic if D = 2).

array may consist of random variables Y;

Example 1.4. V- and U-statistics We can view V-statistics and U-statistics (see e.g. van
der Vaart (1998) for definitions and a summary of classical asymptotic results) as special
cases of our framework for D-adic data. For an i.i.d. random sample Xi,..., Xy, a V-

statistic of degree D with a symmetric kernel h(z1,...,zp) is defined as

1
V:W Z h(Xil,...,XiD)

i1..4D

which 1s equal to the D-fold sample average YN,D = ﬁ Zil...i[) Y., iy for the observations

Y; = h(Xil,...,XiD)

1...1D

The kernel h(-) is called degenerate if E[h(x, Xs,..., Xp)] is constant. The asymptotic be-

havior of Yy p depends crucially on whether the kernel is degenerate, which is a feature of

It may be possible to extend the general approach in this paper to allow for weak dependence in sampling
across the time dimension, but such an extension would complicate the exposition substantially and take the
focus away from the main ideas.
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the unknown distribution of X;. The corresponding U-statistic is

N -1 N -1
U= (D) Z h'(Xila-..,XiD) = (D) Z wil---iDh(Xip"'aXiD)

11 <ig---<ip i1...0D
where w;, i, = Wiy <iy--- <ip}. Hence U-statistics can be viewed as a special case of a

mean for a non-erhaustively matched sample.

Example 1.5. Network data. The general framework can be applied to subgraph counts
or graph (homomorphism) densities in networks. Suppose that for a network with N nodes
we observe the N x N adjacency matriz Gy with entries Gy; corresponding to indicators
whether that network includes a directed edge from i to j, where it is usually assumed that
Gii =0 for all i (no self-links). Following the approach in Lovasz (2012), Bickel, Chen, and
Levina (2011), and Bhattacharya and Bickel (2015), we can regard Gy as a sample from an
unlabeled infinite graph. For example to evaluate the extent of clustering/triadic closure in
the network, we can consider triad-level subgraph counts T, := m ZKKk Yijkr for
r = 2,3 where Yijp o = Gi;Gi, and Yijp3 = Gi;Giu Gk, so that Yij, 3 = 0 whenever i, j, k are
not distinct, and Yijpo = 0 if i = j ori = k. With degree heterogeneity across nodes, entries
Yijkr exhibit dependence across each dimension of the array. This problem is a special case

of the D-adic averages, which is discussed in the appendiz.

Other prominent applications allowing for - not necessarily additive - dependence across
several dimensions from e-commerce, biogenetics, and crop science are cited in Owen (2007).

Our main results concern the problem of bootstrapping the distribution of the sample
average

- 1 N T
YNT = }/;t
NT 22

i=1 t=1
The bootstrap procedure we propose in this paper is adaptive to features of the joint dis-
tribution of the random array, and approximations are as N and 1" grow large at the same
rate. In particular, we aim to approximate the asymptotic distribution regardless whether,
or what type of cluster dependence is present. This is meant to reflect empirical practice,
where the researcher aims for conclusions to be robust with respect to cluster-dependence,
but without a presumption that such dependence is in fact present.

The leading case of bootstrapping the sample average already reflects the main new tech-
nical challenges arising from multi-way cluster-dependence. However, we also consider a
number of practically relevant extensions and generalizations. For one, the procedure can
be easily adapted for statistics that are asymptotically linear (i.e. that can be approximated
via influence functions), or differentiable functions of Yyz. It is also conceptually straight-
forward to extend the procedure to settings with clustering long more than two dimensions,

or D-adic data where the random array corresponds to group-level outcomes for any subset
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of D out of the full set of N units included in the sample. Another practically important
extension concerns the case in which the variable Y;; is only observed for a subset of the pairs
{(i,t):i=1,...,N,t =1,...,T} (non-exhaustively matched samples). For greater clarity,
the paper focusses on the leading case of cluster-dependence in two dimensions, and these

generalizations are discussed in Appendix B.

1.1. Problem Description. Generally speaking, we need to distinguish three scenarios
regarding the large-sample distribution of the mean: in the absence of cluster dependence,
elements of the array (Y};) are mutually independent, and under regularity conditions a CLT
at the (NT)~'/2 rate applies. When elements are correlated within clusters, the convergence
rate of the mean is determined by the number of relevant clusters instead. Finally, in non-
separable models of heterogeneity, elements within a cluster may be dependent even if they
are uncorrelated. In that last case - which is specific to clustering in two or more dimensions -
the asymptotic behavior of the sample mean is generally non-standard, and the conventional
estimator of its asymptotic variance is not consistent. To frame ideas, we next give two

stylized examples to illustrate the difference between these three cases.

Example 1.6. Additive Factor Model. To shape ideas, consider first the case where

clustering results from an additive model with cluster-level effects
Yio=p+o+v+cu

where p is fived and o;, v, € are zero-mean, i.i.d. random variables for i =1,..., N and
t =1,...,T with bounded second moments, and N = T. From a standard central limit
theorem we find that in the non-degenerate case with Var(c;) > 0 or Var(y;) > 0, the sample
distribution

VN (Ynr — E[Yx]) % N (0, Var(ay) + Var(y,)),

whereas in the degenerate case of no clustering, Var(a;) = Var(;) = 0,
VNT (Yyr — E[Yy]) % N(0, Var(e;))

where % denotes convergence in distribution.

If the marginal distributions of these three factors were known, we could simulate from the
joint distribution of (Yit)z'zl,...,Ntzl,...,T by sampling the individual components at random. A
bootstrap procedure would replace these unknown distributions with consistent estimates. If
the distribution of oy is not known, an intuitively appealing estimator of oy is

1 _ 1
Qi = Z(Yit — Ynr) = a; + T ;(ﬁit — EnT)

t=1
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where Enp = ﬁlezl Zle g Similarly, we can estimate 7, := %Zi]\il(yit — Yyr) =
Y + % Zfil(eit —&nr), and €y ==Yy — Ynr — &; — 4. We can then estimate the marginal
distributions of a;, vy, £ with the empirical distributions of &y, %y, and €, respectively.

We could then form a bootstrap sample Y;; := Yy + of + 7 + €}, by drawing from these
estimators for the marginal distributions of c;, i, €4, and obtain Y3, == 57 SN ST v
We can also verify that the conditional variances of the bootstrap distribution given the

sample,

%Z(%‘%ZAJ - [Var(%)ﬂLvarT(git) =0

Hence, in the non-degenerate case with Var(c;) > 0 or Var(v;) > 0, the bootstrap distribution
VN(Yyp — Yyr) % N(0, Var(a,) + Var(y,))

converges to the same limit as the sampling distribution, so that estimation error in &;
does not affect the asymptotic variance. However, in the degenerate case of no clustering,

Var(a;) = Var(v,) = 0, the bootstrap distribution
VNT (Yo — Yur) 5 N(0,3Var(e))

asymptotically over-estimates the variance of the sampling distribution, so that this naive

bootstrap procedure is inconsistent in the degenerate case.?

As the next example illustrates, the non-separable case has added complications from the
fact that «;,y; may interact. However, in either case the potential complications with the

bootstrap stem entirely from the degenerate case.

Example 1.7. Non-Gaussian Limit Distribution. For an example of non-separable
heterogeneity, let

Yie = i + €t
where oy, vy, €y are independently distributed, with Eley] = 0, Var(oy) = 03, Var(y) = o2,
2

e

and Var(ey) = o

2Adaptations of the nonparametric bootstrap combining i.i.d. draws of columns and rows of the array
(Yit)i—1.. ni=1,. r have been found to have similar problems, see McCullagh (2000) and Owen (2007).
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If in addition, Elo;] = E[y] = 0, a multivariate CLT and the continuous mapping theorem
imply

N T
V NTYNT = ; Z Z(ai%ﬁ + 5it>
NT =1 t=1
- 1 <& -
_ (Tﬁz> (—Tzﬁ I

i) O'aO',YZlZQ + 0'523

where Zy, Zo, Z3 are independent standard normal random variables. Since the product of two
independent normal random variables is not normally distributed, vV NTYyr is not asymp-
totically normal.®* Note also that if instead E[oy;] # 0 or E[y] # 0 the statistic remains
asymptotically normal at the slower T (V'N, respectively) rate.

Non-separable heterogeneity can therefore generate dependence in second or higher mo-
ments that may contribute to the limting distribution even in the absence of correlation
within clusters. Since the limiting distribution need not be Gaussian for these settings, plug-
in asymptotic inference based on the normal distribution is not valid. We show below that
this type of dependence in fact precludes uniformity in estimating the limiting distribution
of Yyr. It can also be seen immediately from this example that this non-standard behavior
could not be generated by a model of clustering in a single dimension, but is distinctive of

the (less well-understood) case of cluster-dependence in two or more dimensions.

1.2. Contribution. This paper proposes an inference procedure that is adaptive to the
dependence structure, that is we aim to approximate the asymptotic distribution under
any form of cluster dependence. In our view this type of adaptivity is crucial for common
empirical practice, where the researcher aims for inference to be robust with respect to
cluster-dependence, but without a presumption that such dependence is in fact present.
Therefore a comprehensive analysis of the asymptotic distribution of the sample mean
with multi-way clustering is needed which pays particular attention to scenarios in which
observations may be uncorrelated within each cluster. To our knowledge this analysis is new
to the literature, and this paper is the first to point out that the limiting distribution for
the sample average may be nonstandard in these settings. We also find that the default
estimator for the asymptotic variance of the sample mean (a special case of the estimator
proposed by Cameron, Gelbach, and Miller (2011)) is inconsistent due to the within-cluster

correlation in second moments of Yj;.

3Since 7179 = i(Zl + Z9)? — i(Zl — Z3)?, where Cov(Zy + Za, Z1 — Z3) = Var(Z1) — Var(Z3) = 0. Hence,
AV %(Wl —Ws3), where Wy, W5 are independent chi-square random variables with one degree of freedom.
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In order to determine what types of adaptivity and uniformity we may hope to achieve, we
establish a novel impossibility result: we find that there can be no estimator of the asymptotic
distribution of the sample mean that is uniformly consistent, so any inference procedure
can only be uniformly valid asymptotically if it is conservative. This result includes as a
special case the problem of U- and V-statistics with kernel of unknown order of degeneracy.
Interestingly, all three findings do require dependence in two or more dimensions and have
no counterparts for the conventional case when observations are clustered in at most one
dimension. The problem can be thought of as inference where a relevant nuisance parameter
may be on, or close to, the boundary of the parameter space, resulting in a discontinuity
in the pointwise asymptotic limiting distribution (see Andrews (2000), Andrews (2001),
Andrews and Guggenberger (2009), and Andrews and Guggenberger (2010)). Our analysis
benefits from theoretical insights and techniques developed for that abstract problem.

We provide a comparison of the theoretical (large-sample) properties of our bootstrap
procedure to those of alternative inference methods, including Gaussian “plug-in” inference,
subsampling, and the “pigeonhole” bootstrap proposed by Owen (2007). We also provide

simulation evidence for the most relevant cases.

1.3. Relation to the Literature. The classical nonparametric bootstrap by Efron (1979)
(see also Hall (1992), and Horowitz (2000) for an exposition) can be adapted to data that is
cluster-dependent in one dimension in a straightforward manner. However with clustering
in multiple dimensions, the problem of resampling is fundamentally different from the case
of independent clusters, since the structure of the data no longer implies finite or weak
dependence across units. In fact, McCullagh (2000) showed that there exists no scheme
for resampling the raw data directly that is consistent for multi-way clustered data.? Our
procedure combines features of the nonparametric bootstrap with those of the wild bootstrap
(Wu (1986) and Liu (1988)) to achieve (pointwise) consistency in each case, as well as
a conservative modification that results in uniformly valid asymptotic inference. We also
establish refinements for cases in which the limiting behavior of the statistic is standard.
We find that the problem of multi-way clustering has a natural connection to the theory
of U- and V-statistics. For U- and V-statistics, Bretagnolle (1983) and Arcones and Giné
(1992) proposed separate bootstrap procedures for the non-degenerate and degenerate case,

but neither procedure is adaptive.

4McCullagh (2000)’s argument goes as follows: there is no consistent estimator for the variance of the
sample mean that is a nonnegative quadratic function of the observations Y;;. In particular the bootstrapped
variance from any resampling scheme that draws directly from the original values of the variable of interest
is a function of this type, and therefore such a bootstrap scheme cannot be consistent. We propose a hybrid
scheme that does not fall under his narrower definition of the bootstrap.
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Asymptotic standard errors with multi-way clustering have been proposed by Cameron,
Gelbach, and Miller (2011), and can be used for “plug-in” asymptotic inference in the Gauss-
ian limiting case - see also Cameron and Miller (2014) and Aronow, Samii, and Assenova
(2015) for the case of dyadic data. A more recent paper by MacKinnon, Orregard Nielsen,
and Webb (2017) gives a condition on cluster sizes that is sufficient for asymptotic normality
and consistency of these standard errors, and propose a bootstrap method for that set-
ting. We show in the appendix that the “pigeonhole” bootstrap proposed by Owen (2007)
is asymptotically valid under non-trivial clustering in means, but conservative in the ab-
sence of clustering, and not guaranteed to achieve uniformity. A recent paper by Davezies,
D’Haultfeeuille, and Guyonvarch (2018) derives asymptotic properties for the pigeonhole
bootstrap process for the non-degenerate case. Subsample bootstraps, including the method
by Bhattacharya and Bickel (2015) for network data, adapt quite naturally to features of the
data-generating process and are particularly attractive when evaluation of the statistic over
the full sample is computationally very costly. We show in the appendix that for two-way
cluster-dependent data subsampling is consistent pointwise, but not uniformly, and only at

a slower rate than bootstrap alternatives.

1.4. Notation and Overview. Throughout the paper, we use P to denote the joint dis-

tribution of the array (Y;).,, and denote drifting data-generating processes (DGP) indexed

it
by N,T with Pyr. The bootstrap distribution for (Y;;) given the realizations (Y;; : i =
1,...,N;t =1,...,T) is denoted P¥,,. We denote expected values under these respective
distributions using E, Exp, and E},, respectively.

In the remainder of the paper, we first establish a representation for the array (Y;;) which
is then used to motivate a bootstrap procedure. Formal results regarding consistency and
refinements for that bootstrap procedure are given in Section 4. We furthermore give several
generalizations of the main procedure and illustrate its performance using Monte Carlo sim-
ulations. Additional asymptotic results for Gaussian asymptotics, the pigeonhole bootstrap,

and subsampling are given in Appendix A.

2. REPRESENTATION

We assume that the sample Y;; fort =1,..., N and t =1,...,7T is embedded into a row
and column (separately) exchangeable array: a separately exchangeable array is an infinite
array (Yi);, such that for any integers N, T and permutations 7 : {1,..., N} — {1,..., N}
and my : {1,..., T} — {1,...,T}, we have

d
Yo (yma ) = Yit,

4

L» Jenotes equality in distribution.
8
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Separably exchangeable arrays can result from sampling from an infinite population of
“cross-sectional” and “temporal” units (“clusters”), where the underlying double indexed
array may be arbitrarily correlated, and we draw N “cross-sectional” units ¢ = 1,..., N
and T' “temporal” units ¢ = 1,...,7T independently at random. Since each row and each
column is drawn with the same probability, we can without loss of generality take the sample
(Yi:i=1,...,N, t=1,...,T) to be the first N rows and 7" columns of an infinite array of

the form described above.

2.1. Exchangeable Representation. By Theorem 1.4 in Aldous (1981) any separately

exchangeable array can be represented as

Yie = f(/% i, Ve, €it)
for some function f(-), where u, aq,...,an, 71,...,yr and €11, ...,en7 are mutually inde-
pendent, uniformly distributed random variables.® Similar representations are available to
arrays that are jointly or separately exchangeable in more than two dimensions, see Hoover
(1979) and Section 7 in Kallenberg (2005). We consider inference that is conditional on p,

that is conditional on the empirical distribution of Y;;, so that we can represent the array as
Yie = f(ou, Ve, €it) (2.1)

where f(a,g,e) := f(,u,a,g,e) and the factors ay,...,ay, 71,...,7r and &11,...,en7 are

the same as before.

2.2. Projection. We next show that the array (Yj;);: permits a decomposition of the form
Yi=b+a;+ g +wy, Elwyla,g]=0

where a; and ¢; are mean-zero and mutually independent, so that the joint distribution of
Y;; can then be described in terms of the respective marginal distributions of a; and ¢;, and
the conditional distribution of w;; given a;, g;. Such a representation is immediate for the
leading example of the additive factor model in Example 1.6, and we now show that it is in
fact without loss of generality for arrays exhibiting dependence in two or more dimensions.

If the relevant conditional expectations are well-defined, we can represent Y;; via the

projection expansion
Yie = E[Yi]+ E[Yit|ou] — E[Ys]) + (E[Yi|] — E[Yz])
+(E[Yit|0‘ia %] - E[}/z’t|ai] - E[Y;t‘%] + E[Yit]) + (Yz’ - E[YM%, %])
=: b+ai+gt + Vit + €5 (22)

5To be precise, Aldous (1981)’s result implies that there exists an array Y o= f(,u,ozi,’yt,sit) such that
« d
Yii =Y.
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where we define e; = Yy — E[Yiy|ai, v, a; = E[Ya|a] — E[Ya], g = E[Yi|v] — E[Y1],
vy = E[Yi|as, i) — E[Yi|aw] — E[Yi|ve] + E[Yz], and b = E[Yy]. Since temporal and cross-
sectional units were drawn independently, aq,...,ay and g1, ..., gr are independent of each
other. Also by construction, Ele;|a;, g, vir] = 0 and E[v;|a;, g;]) = 0. In particular, the terms
eit, (a;, g), vy are uncorrelated.

Given this representation, we can rewrite the sample mean as
Ynr = b+ ay + gr + Unr + ent

where ay 1= NZZ 1 @i, g1 = th 1 9t ONT := NT Zt 1Zz 1 Vit, and ey : NT Zt 1Zz 1 Git-
We also denote the unconditional variances of the projections with ¢2 := Var(q;), o2 :=

g
Var(g;), 02 := Var(vy), and o2 := Var(ey), respectively. We also let w;; := vy + e and
denote its variance by o2 = Var(wy).

Throughout the remainder of the paper, we are going to maintain the following conditions

on the distribution of the random array:

Assumption 2.1. (Integrability) (a) Let Yiy = f(cu, Vi, i) where (i), (V)i and (git);,
are random arrays whose elements are i.i.d.. (b) The random variables a;/0,, Gi/04, Vit/ 0w,
and ey /0. have bounded moments up to the order 4+0 for some § > 0 whenever the respective

variances o, 0,, 04,07 > 0 are non-zero. (¢) We have o} + o7 >0 or o, + 07 > 0.

2.3. Low-Rank Approximation. To understand the large sample properties of the sample

mean, it is instructive to interpret the row/column projection

T N
UNT = W Z [Yit|lai, i) — E[Yi|ow] — E[Yie|ve] + E[Y; ZZU (cvi,ye)

t=1 i=1 e
as a generalized (two-sample) U-statistic with a kernel v(a,7) evaluated at the samples
ai,...,ay and 7y, ..., v, respectively.

The asymptotic behavior of degnerate and non-degenerate generalized U-statistics is well-
understood (see Serfling (1980) for a summary of classical results). The problem of char-
acterizing the distribution of Yyr differs from that classical problem in two major aspect:
for one we also need to account for the presence of the projection error e;. Furthermore
the factors «;, 7y, are not observable data, but implicitly defined by Aldous’ (1981) construc-
tion. Nevertheless, these differences do not preclude us from applying general insights and
techniques for U-statistics to the present problem.

Specifically, we find that we can approximate the sample and bootstrap distributions of
the statistic by a function of sample averages of independent random variables. Define

v(a, ) == ElYit|la; = a, v = 7] — E[Yi|oi = o] — E[Yie| e = 7] + E[Yi]
10



Under Assumption 2.1, the integral operator

Swio) = [ viaghu@F.(da)
and its adjoint

5" (w)(a) = [ vla.9)ulg)F(do)
are both compact, where I, F, are the marginal distributions corresponding to the joint
F,, of a;,~;, which are independent draws from the uniform distribution under the Aldous-

Hoover representation in (2.1).

Hence, the spectral representation theorem permits the low-rank approximation
v(a,y) = Z i (@) vi(7) (2.3)
k=1

under the Ly (F,,) norm on the space of smooth functions of (a, ) € [0, 1]*. Here, (cx),>, is a
sequence of singular values with lim |c;| — 0, and (¢x(+)) >, and (¢Yi(-)),~, are orthonormal
bases for Ly ([0, 1], F,,) and Ly([0, 1], F), respectively. ) )

Moreover, by construction E[v(a,v;)] = E[v(as,g)] = 0 for each a,g € [0,1], so that
without loss of generality we can take E[¢x ()] = E[tx(y:)] = 0 for each £ =1,2,.... Since
the basis functions are orthnormal and «; and ~; independent, it follows that for any K < co
the covariance matrix of (¢1(c;), ¥1(%), .- -, ¢ (), Vi (y)) is the 2K-dimensional identity
matrix. However, (¢1(a;), ..., ¢x(a;)) may be correlated with a;, and (¢1(y), ..., Y (7))
may be correlated with g;. Specifically, for k£ =1,2,... we denote

oai = Cov(a;, pr(a;)) and o4 := Cov(gs, Yi(7e))-

Given this representation, we can write

% Z Zv(aia V) = ; Ck <% ; ¢k(az)) (% ; @Dk(vt))

i=1 t=1
so that the second-order projection term can also be represented as a function of countably
many sample averages of i.i.d., mean-zero random variables. The limiting distribution of
this term is not Gaussian, but can be represented as a linear combination of independent
chi-square random variables, see e.g. Serfling (1980). Distributions of this type are known
as Wiener (or Gaussian) chaos.

We find that point-wise consistency of the bootstrap does not require any additional
conditions on the conditional expectation function v(c, ) beyond Assumption 2.1. For the
uniform consistency results which include the case in which the asymptotically non-Gaussian
component is of first order, we need to restrict the eigenfunctions and coefficients in the

spectral representation (2.3).
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Assumption 2.2. The function v(c, ) = E[Yy|o; = a, v = 7] — E[Yi|oy = o] = E[Yi |y =
v + E[Yi] admits a spectral representation

v(a,y) = Z crdr()r()

under the Lo(F,,) norm, where (a) the singular values are uniformly bounded by a null
sequence ¢ — 0, that is ¢, < ¢ for each k = 1,2,..., and (b) The first three moments of
the eigenfunctions ¢r(a;) and P (y) are bounded by a constant B > 0 for each k =1,2,....

Imposing common bounds on moments and singular values restricts the set of joint distri-
butions F' for the array to a uniformity class, where the sequence ¢ := (¢)g>o controls the
magnitude of the error from a finite-dimensional approximation to v(«, 7), where we truncate
the expansion in (2.3) after a finite number of summands & = 1,..., K. Comparable high-
level conditions on spectral approximations are commonly used to define uniformity classes
in nonparameric estimation of operators, see e.g. Hall and Horowitz (2005) and Carrasco,
Florens, and Renault (2007).

3. BOOTSTRAP PROCEDURE

The previous discussion shows that the rate of convergence and the limiting distribution
of the sample mean Yy — E[Y;] depend crucially on the different scale parameters intro-
duced above. For example, if observations are independent across rows and columns, then
VNT (Ynr — E[Yy)) 4N (0,02). If N = T and within-cluster covariances are bounded away
from zero in at least one dimension, then VN (Vyr — E[Yi]) % N(0, 02 + 7). Our aim is to
obtain a bootstrap procedure that is adaptive for both degenerate and non-degenerate cases.

For the bootstrap procedure we can estimate the terms of the orthogonal projection in

(2.2) with their sample analogs
1 <& _ 1 _ _
G = ;Yit — Y7, §:= N ;Yn —Yyr, and Wy =Yy —a; — gy — Ynr

For the performance of the bootstrap it is crucial at what rate(s) estimators for the different
model components are consistent depending on the extent of clustering in the true DGP. Most
importantly, the variance of the projection terms a; and g; is 02 + 02 /T and 02 + 02 /N,
respectively, so that the “convolution error” depending on o2 dominates in the degenerate
case. In order to correct for that contribution of the row/column averages of w; we would

therefore want to shrink the scale of the distribution of a;, §; by the variance ratios

To? No?
Aa= =8 and Ay = —— 9
To2+ o2 No2 + o2

12



In the bootstrap procedure we replace the unknown variances with consistent estimators in
(3.1) to obtain alternative estimators for A\, and A,.
To obtain the component variances, we let

n

T
1 _
~2 2
= S (4 — Yar)?, -y
% N—ll_( wr) T 1; wr)
N T
D ~ ~ \/ 2
= Yi—a,— g — Y,
S NT — N T;;( ¢~ &= g = Ynr)
and form the estimators
1 1
P :max{(),é —Tsz}, 5 :maX{O,éﬁ—Néi}, and 62 := &2 (3.1)

We find in Lemma C.1 below that the variances o2 and 03 cannot always be estimated at a
sufficiently fast rate. One of the versions of the bootstrap procedure proposed here therefore
uses a consistent pre-test for the presence of cluster dependence in the first moment. To that

end, we define the model selectors
D,(k) == 1{T52 > k} and Dy(k) := I{N¢? > K}

for any given value of k > 0. For appropriately chosen sequences k,, k,, we then let

5\ L ﬁa(’ia)T&g N DQ(KQ)N&S

“ " Da(ka)T62 + 62, ! Dy(kg)NG2 + 62

and estimate the asymptotic variance of the sample mean with
S3rser = Da(ka)T62 + Dy(kg)NGZ + 62 (3.2)

In the appendix we compare this estimator to a “default” estimator for the asymptotic

variance without a pre-test, defined as

SJ%IT,def = T“;Z + Ng’?] w
Note that up to a degree of freedom correction, S?VT’M is the variance estimator from

Cameron, Gelbach, and Miller (2011) for the special case of the sample mean.’

For the leading case of exhaustive sampling with cluster dependence in two dimensions,

we then propose the following resampling algorithm to estimate the sampling distribution:

6Pointwise consistent model selection when a parameter relevant for the asymptotic distribution is near or

at the boundary of the parameter space was first considered for the bootstrap by Andrews (2000). We also

show that allowing for the case in which on7 contributes to the limiting distribution, uniformly consistent

estimation of the limiting distribution is not possible, neither using the bootstrap nor any alternative method.
13



(a) For the bth bootstrap iteration, draw a;, = @) and g;, = (1), Where kj (i)
and sj(t) are i.i.d. draws from the discrete uniform distribution on the index sets
{1,...,N} and {1,...,T}, respectively.

(b) Generate wy, , := Wi pWat bWk (i)s; (1), Where wy;p, wayp are 1.i.d. random variables with
Ew]=0,Ew?] =Ew’] =1

(c) Generate a bootstrap samples of draws Yj;, = Yy + \/Za;b + \/5‘:9:1) + wj; , and
obtain the bootstrapped statistic Y3, := 57 Sy oS it

(d) We repeat this procedure to obtain a sample of B replications and approximate the
conditional distribution of Y3, given the sample with the empirical distribution over

the bootstrap draws YX‘,TJ, Cee YﬁT,B-

For the pivotal bootstrap, the last step uses instead the empirical distribution of the studen-
tized bootstrap draws to approximate the distribution of vV NT (Y, — Yyr)/ gJ*VT,Sel, where
5’7VT7861 is the bootstrap analog of the variance estimator Sy7 . For the simulation study in
this paper, we implement step (c) using the two-point specification proposed by Mammen
(1992) for the random variables wy; p, warp-

We distinguish two versions of this bootstrap procedure:

Definition 3.1. (Bootstrap Procedures)
e (BS-N) The bootstrap without model selection applies steps (a)-(d) where we set

Ka = kg =0,

e (BS-S) The bootstrap with model selection follows steps (a)-(d) where we set kg, Ky
according to increasing sequences kg, ko — 00 such that k,/T — 0 and ky/N — 0.

e (BS-C) The conservative bootstrap applies steps (a)-(d) where for increasing se-
quences Ky, kg — 00 such that k,/T — 0 and k,/N — 0, we set G, := max{T62, Kk,},
g = max{No7, Ky}, and

N N N
T G +o2Te2 7T G+ 62 N2

We find below that the bootstrap with model selection is consistent pointwise in o2, 03, o2,
and the bootstrap without model selection is uniformly consistent as long as the limiting
distribution is Gaussian. The conservative bootstrap is consistent in the nondegerate case
o2+ 03 > 0, but asymptotically conservative for the degenerate cases in a sense to be made
more precise below. It is the only procedure discussed in this paper that is guaranteed to

have uniform size control over the entire parameter space.

4. THEORETICAL PROPERTIES

In this section we establish large sample properties for this bootstrap procedure. The

limiting behavior of the sample mean Y7 — E[Y}] is in part determined by the variances of
14



the components of the decomposition in (2.2). Since the rate of convergence of the sample

mean depends on the component variances, we define the adaptive rate ryr by
ryp=N"'o2 + T o2 + (NT) ol = Var(Ynr)

where the last equality follows since the components in the decomposition (2.2) are uncorre-
lated. We maintain throughout that either 03 + 02> 0or o2 >0, and that N and T grow
at the same rate as we take limits.

We first give a summary of the asymptotic properties of the bootstrap and alternative
methods for estimating the asymptotic distribution, including Gaussian plug-in inference,
subsampling, and Owen (2007)’s Pigeonhole bootstrap. We then establish asymptotic re-
sults for the sampling distribution and the bootstrap. Asymptotic properties for the other

approaches are given in Appendix A.

4.1. Summary of Asymptotic Properties. The starting point of our analysis is a (novel)
impossibility result in Proposition 4.1, which establishes that it is in fact not possible to
achieve uniform consistency in estimating the asymptotic distribution of Yy, rather uniform
asymptotic validity can only be achieved by a conservative procedure.

The recommendation which inference procedure should be chosen therefore depends on
the desired robustness properties, and what assumptions the researcher is willing to make
regarding the underlying data generating process. We consider the following three alternative
criteria, which are not nested:

e (POINTW) Point-wise validity with respect the variance parameters, where we
allow for any of the components of o7, 2, 07, 07 to be either strictly positive or zero.
e (UNIF-1) Uniform validity regarding clustering in means, where any of the compo-

2 2 2

nents of 02,02, 02, 02 may be strictly positive, zero, or drifting along sequences, but

ryro2 - 0. r.]?hat is, we only exclude the degenerate case in which there is no cluster

dependence in means, but cluster dependence in second moments does not vanish.
e (UNIF-2) Uniform validity, where we allow for any values, and drifting sequences

for the components 07,07, 07, 07

In practice, cluster-robust methods are typically used in settings when the researcher
does not know whether the data exhibit any meaningful dependence along the dimensions
indexing the array (Yj;);:+, but wants to guard herself against that possibility. We posit
that UNIF-1 is a plausible interpretation of that idea of robustness: It only excludes the
possibility that E[Y}|;, ] is a random variable that has a non-degenerate distribution, but
whose conditional means given a; and v, happen to be close to constant.” This scenario
is therefore non-generic once we allow for any type of cluster-dependence, and we find that
"More precisely, rnro2 - 0 would require the variance of Var(E[Yj|a;,v:]) to be of a larger order of

)
magnitude than the variances of the conditional means given «; or 7; alone, Var(E[Y;:|;]) and Var(E[Yi|v:])).
15



extending uniformity to include this non-generic scenario (as for the third criterion) comes at
the cost of a substantial power loss for the case in which observations are in fact independent
within each cluster.

For criterion POINTW, we show that point-wise consistency is achieved by subsampling
with model selection, the bootstrap with model selection and the pivotal bootstrap with
model selection, where the pivotal bootstrap with model selection achieves refinements in
the case of a Gaussian limiting distribution, and both bootstrap procedures are consistent at
faster respective rates than subsampling. The non-pivotal pigeonhole bootstrap is consistent
if 02 + 03 > 0, but conservative otherwise.

For criterion UNIF-1, uniform consistency is achieved by subsampling and the bootstrap
(pivotal or not) without model selection, where again the pivotal bootstrap dominates in
terms of convergence rates. Finally, under UNIF-2 only the conservative bootstrap is guar-
anteed to be asymptotically conservative, however at a steep price in terms of power for the
degenerate cases with ryr < V/NT in which it over-estimates the asymptotic variance by a
factor growing at the rate %e 4 52, Proposition 4.1 implies that we cannot close this rate
gap without giving up uniformity.

A full summary of the asymptotic properties of the different methods is given in Table 4.1.
In addition to the different versions of the bootstrap introduced in Section 3, BS-N, BS-S,

and BS-C, we also consider the following methods

e (GAU) “Plug-in” Gaussian inference using a two-way clustering robust estimator
for the asymptotic variance of Yz,

e (PGH) inference based on the Pigeonhole bootstrap estimate for the asymptotic
distribution of ryrYn7, and

e (SUB) inference based on the subsampling estimate for the asymptotic distribution

Of TNTYNT-

The pivotal versions of the different resampling procedures concern inference based on es-
timates for the distribution of the studentized mean, ¢ty := (N T)l/ 2 A]Q1T7def}7NT or tnr =
(NT)? SﬁlT’SdYNT, depending on which variance estimator is used.

To highlight some of our theoretical findings, we find that the “default” estimator from

Cameron, Gelbach, and Miller (2011) for the asymptotic variance, S%T7def, is only consis-

2

tent if NTO,,

— 0, whereas the modified estimator sz\msel is always pointwise consistent.

Gaussian “plug-in” inference with a consistent estimator for the asymptotic variance is only

2

2 — 0, subsampling inference is valid pointwise, but not uniformly, and

consistent if ryro
is consistent only at a rate slower than any of the alternative procedures. The bootstrap
with model selection is asympotically valid pointwise, and the bootstrap without model se-
lection is uniformly valid as long as ry70o? — 0. The pigeonhole bootstrap is uniformly valid

asymptotically but conservative in the degenerate case, and in addition, its pivotal version
16



Method Pivotal Variance Asymptotic Validity Refinement
Estimator POINTW UNIF-1 UNIF-2

GAU - S JQVT) def No Yes No No
GAU - S37 el No No No No
BS-N No - No Yes No No
BS-N Yes S %VT) def No Yes No Yes
BS-S No - Yes No No No
BS-S Yes S'JQVT_’SBI Yes No No Yes
BS-C No - Cons. Cons. Cons. No
BS-C Yes S‘JQ\,T_’SEI Cons. Cons.  Cons. (Yes)
PGH No - Cons. Cons. No No
PGH Yes S'JQVT def No Yes No Yes
PGH Yes SJQVT.sel Yes No No Yes
SUB No - Yes Yes No No
SUB Yes S'JQVT def No Yes No No
SUB Yes S‘JQ\,T_’SBI Yes No No No

TABLE 1. Summary of Estimation Approaches for the Asymptotic distribu-
tion of Yy, where “Cons.” stands for “conservative.”

achieves refinements in the case of a Gaussian limiting distribution. Subsampling is consis-
tent pointwise, but not uniformly, and approximates the asymptotic distribution at a rate no
faster than 7’;,?/3, assuming that subsample sizes are chosen at the respective optimal rates
my = O(NY?),my = O(TY3). That convergence rate is slower than the 7y} rate for the
point-wise bootstrap, or the 7";,%1 rate for the cases for which the pivotal bootstrap yields a
refinement. We also illustrate this comparison of theoretical properties in a simulation study

in Section 5.

4.2. Asymptotic Distribution of Yy;. We now characterize the asymptotic distribution
of the sample mean. To analyze which properties are uniform with respect to the joint

distribution of (Y};), we also need to consider limits along any drifting sequences for the

parameters o;,0.,07,0, and the covariances og := Cov(a;, dr(i)), ogr = Cov(gs, (7))
for kK = 1,2,.... We then parameterize the limiting distribution with the respective limits

of normalized sequences

2 a1 2 2 =12
qa,NT = TNy N” 0y, Qg NT = TNl Oy
2 —1_2 2 —1_2
Gent =Ty (NT) ™ 07 qunr =1y (NT) 0, (4.1)
2 a1 .2 el
Gak,NT = TN~ Oak Qok,NT = TN7L ™ " Ogi

for k=1,2,.... Wealso let o7 := ryp(NT) /2. From the definition of 7y, it follows that

the local parameters o N7, qg.NTs Ge,NT, GonT € [0,1] and o N7 + Qg NT + GeNT + QN = 1.
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We stack these sequences as the vector

qnT ‘= (Qa,NTa 49,NT;4e,NT Qu,NT s 9a1,NT s 991,NT > a2, NTs g2, NT5 - - - » )

an element of the sequence space £2. Similarly, we represent the singular values for the spec-
tral decomposition (2.3) for Exr[Yit|as, Vi) and E[Yi|au, ] with eyr := (ci N7, ConT -+ ) €
(% and c := (¢, ¢9,...) € €%, respectively.

We can summarize asymptotic properties for the various procedures in terms of these
parameter sequences, where for convergent sequences qyr,Cnrt, oOnT We denote the limits
Qo = MmN 7 qo,NT, @9 = iMN 7 Gy NT, Ge := limpn 7 ge N7, and g, := limy 7 gy yr. The limiting
distribution along such a sequence will therefore depend on the parameters q := limy 7 qn7,
c:=limyrcyr and o := limy ont.8

For any fixed values of the local parameters q, c, and p € [0, 1] we define the law

'CO(qaCa Q) = (\/@Ze + \/%Z“ + @ZQ) oV

where Z°, Zf, Zf’, Z;b, Z;Z’, ... are i.i.d. standard normal random variables,

V=Y aZlZ]
k=1
with the coefficients ¢, potentially variying along the limiting sequence, and Z¢, Z9 are
standard normal random variables with Cov(Z%, Z7) = Qak/+/Ta, Cov(Z9, Z¥) = Aok /\/Tg;
Cov(Z¢, 29) = Cov(Z*, Z}) = Cov(Z9, Z?) = 0 for all k = 1,2, .. ..

We can now give the limit for the sampling distribution of Yyr:

Theorem 4.1. (CLT for Sampling Distribution) Suppose that Assumption 2.1 holds.

Then (a) along any convergent sequence qnr — q and fized ¢ = (¢, ca, ... ), we have
IPnr(rar(Yvr — E[Yal)) = Lo(d, €, 0)[lo — 0

where ¢ :=limy 7 on7 and || - || denotes the Kolmogorov metric. (b) If in addition Assump-

tion 2.2 holds, then the conclusion of (a) also holds under drifting sequences cyr — c.

See the appendix for a proof. Note that convergence in part (a) is point-wise with respect
to the conditional mean function E[Yy|a; = «,v = 7], whereas part (b) gives uniform

convergence within the class of distributions satisfying Assumption 2.2.

4.3. Estimability of the Asymptotic Distribution. The asymptotic properties of the
bootstrap depend crucially on our ability to estimate the variances of the individual projec-
tion components at respective rates that are fast enough to ensure convergence of A, and
5\9 to A\q and Ay, respectively. Lemma C.1 in the appendix establishes that the component
8We show that without loss of generality it is sufficient to focus on convergent parameter sequences in light

of arguments by Andrews and Guggenberger (2007a).
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variances 02,02, 02 can be estimated consistently, but not always at a sufficiently fast rate

a’ g’ w
along certain parameter sequences. In particular, we establish the following impossibility

result:

Proposition 4.1. (Estimability of Asymptotic Distribution) The asymptotic distri-
bution of Ynr cannot be estimated consistently uniformly over the entire parameter space,

using the bootstrap or any other method.

See the appendix for a proof. To illustrate the problem, we re-state the counterexample
underlying this impossibility result: consider the model Y;; = «;7;, where «;, y; are mutually
independent, with i.i.d. factors a; ~ N(0,1), 7 ~ N(pg, 1). For this model, a; := E[Yj|a;] =
iftg, g¢ = E[Yie|y] = %E[os] = 0, and vy = (71— pug), so that o} = p2 and o} = 1. Clearly,
{1y cannot be estimated from the original data faster at a rate faster than T2 which is the
fastest possible rate at which s, could be estimated from observing 71, . .., yr directly. Hence,
no test can consistently distinguish the model p, = 0 resulting in an asymptotic variance
equal to o2 from a drifting sequence fir, := T~'/*m, which results in an asymptotic variance
equal to mfl + o2, Tt follows that we cannot estimate the asymptotic distribution of Yy

uniformly consistently, since its variance can’t be estimated consistently along this sequence.

4.4. Bootstrap Consistency. We now turn to the asymptotic properties for the bootstrap
described in Section 3, where we consider both a non-pivotal version, and a pivotal version
based on the studentized sample mean. Specifically, consider the estimator of the asymptotic

variance of the sample mean, S ~nTsel defined in (3.2) and its bootstrap analog
g]z\;kT,sel = f)a("ia)T@%* + D9<H9)N&§* + 6-1211*7

where we hold the selectors Dq(kq), Dy(k,) fixed at their sample values, and &, £, are chosen
according to whether the bootstrap is implemented with our without model selection.

The non-pivotal bootstrap approximates the distribution of the sample mean ry7(Yyr —
E[Y;]) with the distribution of its bootstrap analog, ryr (Y3, — Ynr). The pivotal bootstrap
approximates the distribution of the studentized sample mean (NT)Y/ 2gz_v%r,sel(YNT —E[Yx])
with the distribution of its bootstrap analog, (NT)Y2(Sk1.) " (Yar — Ynr). Corollary C.1
in the appendix establishes that the estimator S NT,sel 1S pointwise consistent for sequences
of Kq, Ky increasing to infinity at a sufficiently slow rate, and its analog for K, = kg = 0
is uniformly consistent for ¢, = 0. Similarly, we can use Lemma C.1 in the appendix to
establish pointwise consistency of A\, and 5\9 for the bootstrap with model selection (and
uniform consistency given ¢, = 0 for the bootstrap without model selection).

Combining this with the sample CLT (Theorem 4.1) and a bootstrap CLT (Lemma C.2
in the appendix), we then obtain consistency results of the form

IPNr(rnr(Yar — Yar)) — Par(ryr (Yvr — E[Ya])) oo =3
19
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and the its pivotal analog

Yir =Y Ynr — E[Y;
Pr (mif@ NT) Py (W—Ni [ 4)

SNT sel SNTsel

a.s.

=0 (4.3)

o0
for the bootstrap procedures with and without model selection. The conservative bootstrap
generally overestimates the scale of the sampling distribution for the degenerate case, where

we obtain a convergence result of the form
Py (rr(Yar — Yar)) — Lo(@s €, 0)[loe =3 0 (4.4)
and the pivotal version of the conservative bootstrap

Yo=Y,
P, (\/NTM) — Lo(a, ¢, 0)

*
SNT,sel

“%0 (4.5)

Here, @ = (Ga; Gy, Ger vy Qa1+ Qg1 - - - ), and o := max{rq/T, ga} and gy := max{ry/N, ¢z}, and
Jak = Qak\/Ga/as Qok = Qok\/Ty/qy for k =1,2,. .., which increase as N, T — oo.

Theorem 4.2. (Bootstrap Consistency) Suppose that Assumption 2.1 holds. Then (a)
the bootstrap with model selection satisfies (4.2) and (4.3) pointwise for any fived o}, 02,02, 07
(b) The bootstrap without model selection satisfies satisfies (4.2) and (4.3) uniformly if
¢y = 0. (¢) The conservative bootstrap satisfies (4.4) and (4.5) uniformly over the entire

parameter space.

See the appendix for a proof. Relating these results to the three alternative criteria stated
at the beginning of this section, part (a) states that the bootstrap with model selection is
pointwise valid asymptotically, which corresponds to our first criterion. According to part
(b), the bootstrap without model selection is valid uniformly with respect to clustering in
means, but is inconsistent if ¢, > 0, so that it is asymptotically valid according to our second
criterion. The conservative bootstrap is uniformly valid without any qualifications, however
in degenerate cases (¢. + g, > 0) the scale of the estimated asymptotic distribution diverges
at a rate r,/T + r,/N.” Comparing the respective limits for the conservative bootstrap
and the sampling distribution (see Theorem 4.1), L4(q, c, ¢) is a mean-preserving spread of
Lo(q, c, 0), where both distributions are symmetric about zero. In particular, estimates of
percentiles from the conservative bootstrap are biased outwards (i.e. away from zero) in
those cases, so that commonly used one- or two-sided hypothesis tests or confidence sets

based on these estimated percentiles are asymptotically conservative.

Remark 4.1. U- and V-Statistics Note that these results also applies to generalized (two-
sample) U-statistics, which constitute a special case of our setup with o> = 0. Specifically, the

impossibility result in Proposition 4.1 implies that if the order of degeneracy of the kernel is

9For the choice of kg, &, implemented for the simulation study, #,/T + #y/N =< log(T) 4 log(N).
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unknown, it is not possible to estimate the distribution of a two-sample U-statistic uniformly
consistently. The bootstrap procedure in this paper is pointwise adaptive with respect to the
order of degeneracy of the kernel of the V-statistic. Analogous conclusions for standard
(one-sample) U- and V-statistics with a kernel function of order D, can be obtained using an

adaptation of our bootstrap procedure to D-adic data, see Appendixz B below for a discussion.

4.5. Refinements. We next consider refinements in the approximation to the distribution
of the studentized mean. We find that the bootstrap approximation provides pointwise re-
finements for the case in which the limiting distribution for the studentized mean is Gaussian.
However, it is important to note that refinements can in general not be obtained for certain
special cases. For one, if the “Wiener chaos” term remains relevant in the limiting distri-
bution £(q,c), i.e. for g, > 0, the studentized mean is no longer asymptotically pivotal.
Rather the asymptotic distribution generally depends on relative weights of the Gaussian
component Z, and the spectral coefficients ¢ defining the Wiener chaos component V. Hence
we cannot expect the bootstrap to provide refinements for this case.

Furthermore, elementary moment calculations reveal that

E[a] = Elof] + 2Elaw}] + Elw}]

where the cross-term E[a;w3] is generally non-zero unless E[w?|a;] and a; are uncorrelated.
Hence under drifting sequences for the second and third moments of a;, the first term on the
right-hand side of that expression need not dominate in the limit, in which case the bootstrap
distribution does not match the third moment of a; under the sampling distribution. Hence,
we can in general not obtain a refinement along drifting sequences even when ¢, = 0 and the
limiting distribution is Gaussian.

Hence we restrict our attention to pointwise refinements for the case of a Gaussian limiting

distribution and can now state the following result:

Theorem 4.3. (Refinements) Suppose that Assumption 2.1 holds with 6 > 2. Then, if

or+ 0, >0 oro; =0 we have

Yi. —Y, Yyt — ElY;
. (WwM) By, <\ﬁNTW—H>

_ -2
3 g = Op(ry7)
NT,sel NT,sel

for the bootstrap with or without model selection, where convergence is pointwise in the
distribution of the array (Yit)iz1,. ni=1..7. For the conservative bootstrap, the analogous

result holds only in the nondegenerate case, o> + 03 > 0.

See the appendix for a proof. Our argument uses Mammen (1992)’s result based on mo-
ment expansions of the statistic rather than the more classical approach based on Edgeworth

expansions (see e.g. Liu (1988)). This allows us to include the case of a lattice distribution
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for the random variables wy;, wo; in the implementation of the Wild bootstrap, including the

two-point distribution described before.

5. SIMULATION STUDY

We now present simulation results to demonstrate the performance of the bootstrap pro-
cedure. We consider balanced and unbalanced designs with additively separable and nonsep-
arable cluster effects. Particular attention is given to the degenerate cases of uncorrelated
observations, and drifting sequences. We report simulation results for each of the estimation
approaches analyized in this paper, where we consider the following alternative implemen-

tations of the bootstrap:

e (REG) inference based on the asymptotic distribution of the mean, rNTY NT.

e (PIV) inference based on the asymptotic distribution of the studentized mean, where
we use t N7 = (NT)l/2 SJ_V;MYNT for BS-N and PGH, and ty7 := (NT)l/2 A]:[%/“7561YNT
for BS-S and BS-C.

e (SYM) symmetric inference based on the asymptotic distribution of the absolute

value of the studentized mean, |tyr]|.

According to our theoretical results, each of these inference procedures is asymptotically
valid in the non-degenerate cases, while the pivotal and symmetric bootstrap (PIV and
SYM, respectively) provide refinements over their non-pivotal analogs (REG), subsampling,
or Gaussian asymptotic inference. It also follows from standard arguments (see e.g. Horowitz
(2000)) that theoretical refinements from SYM are of a higher order than those obtained for
PIV.

5.1. Additively Separable Designs. For the first set of results, we generate a two-way

clustered array according to the additively separable design
Yit = OqQ; + Ogt + 0c€it

where v;, ;4 are i.i.d. standard normal. We generated «; = ({; — jta) /7o for log(; ~ N(0,1),
where 1, = E[(;], and 72 = Var(«;) were obtained using analytic formulae for the moments
of the log-normal distribution. In particular, the distribution of «; is skewed to the right.
Our simulation designs vary the relative importance of the three factors through the choice
of 04,04, 0. Design 1 (non-degenerate case) chooses o = 0.5, 07 = 0.1, and 0} = 0.2, Design
2 considers the drifting sequence o} = 5/T, 07 = 1/N, and o7 = 0.2. Design 3 (degenerate
case) sets 02 = 03 = 0 and 02 = 0.2. For each design in this section, simulation results were
obtained from 10,000 simulated samples with bootstrap distributions approximated using

2,000 bootstrap draws.
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GAU BS-S BS-N BS-C PGH SUB

N T REG REG PIV SYM REG PIV SYM PIV REG PIV REG

Design 1

10 10 0.085 0.076 0.072 0.063 0.077 0.072 0.063 0.072 0.088 0.071 0.141
20 20 0.070 0.069 0.066 0.057 0.068 0.066 0.056 0.067 0.071  0.067 0.097
50 50 0.059 0.059 0.059 0.051 0.059 0.058 0.051 0.060 0.060 0.059 0.074
100 100 0.056 0.057 0.056 0.051 0.056 0.056 0.051 0.056 0.058 0.057 0.070

Design 2

10 10 0.085 0.060 0.063 0.062 0.051 0.073 0.070 0.025 0.033  0.059 0.105
20 20 0.081 0.071  0.067 0.068 0.058 0.061 0.060 0.029 0.026  0.056 0.081
50 50 0.081 0.077 0.074 0.073 0.056 0.054 0.054 0.025 0.020 0.056 0.077
100 100 0.069 0.067 0.065 0.065 0.050 0.048 0.049 0.021 0.017  0.049 0.065

Design 3

10 10 0.055 0.020 0.025 0.030 0.014 0.068 0.063 0.000 0.003 0.032 0.056
20 20 0.058 0.035 0.043 0.045 0.021 0.057 0.057 0.000 0.001 0.032 0.053
50 50 0.056 0.047 0.053 0.052 0.033 0.053 0.054 0.000 0.001  0.036 0.052
100 100 0.051 0.047 0.049 0.051 0.036 0.051 0.051 0.000 0.001  0.040 0.050

TABLE 2. Balanced separable case: false rejection rates for two-sided tests of
the null E[Y;;] = 0 at the 5 percent significance level. Design 1: o2 = 0.5,
02 = 0.1, 07 = 0.2; Design 2: 0, = 0.5/T,0; = 0.1/N,0? = 0.2; Design 3:
o2 = 02 =0,02=0.2.

Results for the balanced case are given in Tables 2 and 3 and largely support our theoretical
claims. In particular, for all procedures rejection rates approach the nominal 0.05 signifi-
cance level as N and T grow. In particular, the results are consistent with the bootstrap
without model selection being uniformly valid regarding clustering in means. For Design
1, the pivotal and symmetric versions of the different bootstrap procedures show marked
improvements over their standard versions or Gaussian asymptotic inference, which is con-
sistent with asymptotic refinements established in Theorem 4.3. The conservative bootstrap
is consistent in the non-degerate case, but conservative under the degenerate Designs 2 and
3. Also, the pigeonhole bootstrap is consistent in its pivotal version across all designs, but
the non-pivotal version is conservative in the degenerate case.

The improvements in coverage rates from asymptotic refinements are more pronounced
for one-sided than two-sided rejection rates in Table 3. We can see from the simulation
results that the respective biases in estimating percentiles in the lower and upper tails of the
distribution via GAU have opposite signs, so that these biases partially offset each other for
two-sided tests. Design 2 considers drifting sequences of DGPs for which Theorem 4.3 does
not predict refinements. For Design 3, our theoretical results do not imply refinements for

PIV or SYM since for that specification, y;; = 0. is i.i.d. Gaussian.
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GAU BS-S BS-N BS-C PGH SUBS GAU BS-S BS-N BS-C PGH SUB

REG PIV PIV PIV PIV REG REG PIV PIV PIV PIV REG

Design 1

10 10 0.103 0.082 0.081 0.082 0.079 0.140 0.034 0.039 0.037 0.038 0.038 0.053
20 20 0.088 0.067 0.066 0.068 0.067 0.114 0.033 0.044 0.044 0.044 0.045 0.035
50 50 0.074 0.057 0.058 0.058 0.057 0.094 0.036 0.049 0.049 0.049 0.048 0.030
100 100 0.066 0.054 0.054 0.054 0.053 0.086 0.040 0.051 0.051 0.051 0.051 0.032

Design 2

10 10 0.094 0.079 0.083 0.036 0.071 0.102 0.042 0.041 0.044 0.024 0.041 0.053
20 20 0.088 0.077 0.069 0.042 0.067 0.085 0.045 0.048 0.045 0.029 0.044 0.042
50 50 0.090 0.078 0.062 0.034 0.062 0.086 0.051 0.059 0.049 0.032 0.049 0.047
100 100 0.073 0.064 0.052 0.027 0.053 0.070 0.051 0.058 0.045 0.026 0.046 0.049

Design 3

10 10 0.050 0.036 0.051 0.001 0.035 0.050 0.050 0.039 0.052 0.001 0.035 0.052
20 20 0.057 0.047 0.050 0.001 0.036 0.050 0.054 0.048 0.051 0.000 0.036 0.049
50 50 0.052 0.050 0.049 0.000 0.038 0.050 0.056 0.052 0.053 0.000 0.041 0.054
100 100 0.053 0.050 0.052 0.000 0.043 0.051 0.050 0.049 0.051 0.000 0.041 0.050

TABLE 3. Balanced separable case: false rejection rates for one-sided tests of
the null E[Y;] < 0 (left half of the panel) E[Y;] > 0 (right half of the panel)
at the 5 percent significance level. Design 1: ¢ = 0.5, 07 = 0.1, 02 = 0.2;
Design 2: 0} = 0.5/T,0} = 0.1/N,0? = 0.2; Design 3: 0} =0, = 0,02 =0.2.

We also simulate the absolute error in rejection probabilities based on GAU, SUB, and
BS-S (pivotal and non-pivotal) at all percentiles for Design 1. Specifically, we estimate the
percentiles of the sampling distribution for each simulated sample using either method, and
simulate the frequency at which the t-statistic for the sample exceeds each percentile. Figure
1 reports the absolute difference between the simulated and nominal rejection frequencies.
We find that for all three methods, the absolute discrepancy between nominal and simulated
rejection rates decreases as N and T grow across all percentiles. The non-pivotal bootstrap
does not exhibit a clear improvement relative to plug-in asymptotic approximation, whereas
rejection rates based on the pivotal bootstrap for the studentized mean are consistently closer
to nominal levels. We report additional results for percentiles relevant for one- and two-sided
tests at commonly used significance levels in the appendix.

We next assess the importance of balance in the relative sizes of N and T, as well as
the relative importance of clustering in either dimension. In particular, we first consider
balanced designs 7' = N where we set 0, = 0.5,0, = 0.1 and 0. = 0.1. We then consider
unbalanced designs where we let N = 10,20, 50,100 vary while holding T" = 20 fixed, see
Table 4 for simulation results. While the bootstrap is not asymptotically valid if 7" remains

fixed, results are broadly in line with those for the balanced case for the corresponding sample
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FiGURE 1. Balanced separable case: Absolute error in estimated c.d.f., plot-
ted against nominal percentiles. Plots are based on Design 1: 02 = 1,0’2 =
0.2,02=1.

size. Overall, these results are again consistent with theoretical predictions on asymptotic

validity and refinements.

5.2. Nonseparable Designs. Finally, we simulate a model with non-separable cluster ef-
fects, where we specify
Yir = (G + 1) (0 + 1) — fafly + it

for i.i.d. standard normal random variables «;,y; and ;. We consider one non-degenerate
design with o = 1, = 1 (Design 1), and an alternative design with p1, = p, = 0 for which
yi is not clustered in means (Design 3), as well as a design with drifting sequences (Design
2), see Table 5 for simulation results. Since 2.5th and 97.5th percentiles the Wiener chaos
distribution resulting from this design differ only slightly from those of the standard normal,
we also report false rejection rates for tests at the 1 percent nominal level. For an easier
interpretation of the simulation results for non-Gaussian limits, we also report the theoretical
limits of coverage probabilities, N = co and T' = oo, in a separate row.

The point-wise consistent procedures (bootstrap with model selection and subsampling)

should do well under Designs 1 and 3, where subsampling is consistent at a much slower
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GAU BS-S BS-N BS-C PGH SUB

N T REG REG PIV SYM REG PIV SYM PIV REG PIV REG

Design 1

10 20 0.093 0.092 0.083 0.067 0.092 0.083 0.067 0.082 0.098 0.084 0.139
20 20 0.069 0.069 0.065 0.055 0.067 0.066 0.055 0.065 0.072  0.067 0.099
50 20 0.056 0.055 0.053 0.050 0.055 0.052 0.049 0.051 0.057 0.053 0.072
100 20 0.056 0.056 0.052 0.051 0.056 0.053 0.052 0.053 0.058 0.052 0.071

Design 2

10 20 0.057 0.026 0.035 0.038 0.016 0.060 0.058 0.000 0.002 0.032 0.051
20 20 0.059 0.035 0.044 0.045 0.022 0.059 0.057 0.000 0.002 0.032 0.052
50 20 0.058 0.041 0.048 0.049 0.027 0.055 0.055 0.000 0.001 0.034 0.052
100 20 0.057 0.042 0.049 0.049 0.028 0.054 0.053 0.000 0.001 0.037 0.051

TABLE 4. Unbalanced separable case: false rejection rates for two-sided tests
of the null E[Y;] = 0 at the 5 percent significance level. Design 1: o2 =
0.5,07 = 0.1,02 = 0.2; Design 2: 0} =0, = 0,02 =0.2.

rate than the bootstrap. Since none of the inference procedures is uniformly consistent, we
should expect all of these to perform poorly under Design 2. However, given our theoretical
results the conservative bootstrap is the only procedure that is guaranteed to be conservative
across all designs.

We find that in the non-degenerate case p, 7# 0 or p, # 0, the bootstrap produces
results that are comparable to the separable case. According to our theoretical results, all
procedures are asymptotically valid, whereas PIV and SYM should produce refinements,
which is consistent with the first set of simulation results.

For the degenerate case, p, = (4 = 0, theory predicts that Gaussian inference is not
asymptotically valid even when a consistent estimator of the asymptotic variance is used.
We find that indeed that for the plug-in asymptotic approximation based on the Gaussian
distribution rejection rates appear to converge to a value that is different from the nominal
level, and based on the theoretical properties, bias in rejection rates should be expected
to persist for arbitrarily large sample sizes. We do report simulated rejection rates for the
corresponding limiting distribution (rows with N = T = 0o) which show that for the simu-
lation designs considered here the asymptotic size distortions remain modest in magnitude,
but actual rejection rates are above nominal size even in the limit for tests at the 5 percent
and 1 percent level.

The bootstrap with model selection and subsampling are point-wise consistent (see De-
signs 1 and 3), but yield invalid inference under the drifting sequences in Design 2. The
conservative bootstrap is consistent in the non-degenerate case (Design 1), but conservative

under the other scenarios. Theoretical results do not indicate that the bootstrap without
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TABLE 5. Non-separable case: false rejection rates for two-sided tests of the
null E[Y;;] = 0 at a nominal level of 1 percent. Design 1: o

GAU BS-S BS-N BS-C PGH SUB
REG REG PIV SYM REG PIV SYM PIV REG PIV REG
Design 1 (tests at 5 percent nominal size)

0.102 0.065 0.057 0.045 0.032 0.027 0.023 0.022 0.085 0.006 0.178
0.063 0.058 0.046 0.043 0.040 0.034 0.030 0.028 0.070  0.009 0.106
0.056 0.056 0.050 0.049 0.048 0.044 0.043 0.037 0.059 0.024 0.075
0.053 0.053 0.050 0.049 0.051 0.048 0.046 0.043 0.055 0.039 0.062
0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050 0.050
Design 2 (tests at 5 percent nominal size)

0.105 0.040 0.044 0.025 0.004 0.004 0.004 0.003 0.018 0.001 0.110
0.100 0.055 0.056 0.051 0.002 0.002 0.002 0.001 0.011  0.000 0.089
0.103 0.068 0.069 0.067 0.002 0.002 0.001 0.001 0.007  0.000 0.083
0.111 0.082 0.083 0.083 0.001 0.001 0.001 0.001 0.006 0.000 0.089
Design 3 (tests at 5 percent nominal size)

0.077 0.023 0.025 0.013 0.001 0.001 0.000 0.000 0.006 0.000 0.070
0.062 0.028 0.029 0.026 0.000 0.000 0.000 0.000 0.004 0.000 0.047
0.060 0.037 0.038 0.037 0.000 0.000 0.000 0.000 0.002  0.000 0.044
0.064 0.044 0.045 0.045 0.000 0.000 0.000 0.000 0.002 0.000 0.047
0.065 0.050 0.050 0.050 0.000 0.000 0.000 0.000 0.000 0.000 0.050
Design 1 (tests at 1 percent nominal size)

0.051 0.017 0.015 0.005 0.005 0.039 0.002 0.003 0.031  0.000 0.095
0.016 0.011  0.009 0.006 0.007 0.012 0.004 0.004 0.021  0.000 0.032
0.010 0.011  0.009 0.007 0.009 0.008 0.007 0.007 0.014 0.002 0.014
0.010 0.010 0.009 0.009 0.009 0.009 0.008 0.008 0.012  0.004 0.008
0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010 0.010
Design 2 (tests at 1 percent nominal size)

0.061 0.007 0.008 0.001 0.000 0.000 0.000 0.000 0.005 0.000 0.045
0.051 0.008 0.009 0.005 0.000 0.000 0.000 0.000 0.001 0.000 0.024
0.051 0.012 0.014 0.011 0.000 0.000 0.000 0.000 0.001 0.000 0.019
0.058 0.016 0.018 0.017 0.000 0.000 0.000 0.000 0.000 0.000 0.021
Design 3 (tests at 1 percent nominal size)

0.041 0.003 0.004 0.000 0.000 0.000 0.000 0.000 0.001  0.000 0.027
0.027 0.003 0.004 0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.012
0.027 0.005 0.005 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.007
0.029 0.007 0.008 0.007 0.000 0.000 0.000 0.000 0.000 0.000 0.009
0.032 0.010 0.010 0.010 0.000 0.000 0.000 0.000 0.000 0.000 0.010

a

02,62 = 0.2, u, = 1, and p, = 0; Design 2: o2 = 0.2,03 = 0.2,0% =
pia =1/VT, and 1, = 0; Design 3: 02 = 0.2,02 = 0.2,02 = 0 and j1, = p1y =

The first two panels are for tests at a nominal level of 5 percent, the bottom

panel are at 1 percent.
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FiGURE 2. Nonseparable case: Absolute error in estimated c.d.f., plotted
against nominal percentiles. Plots are based on Design 2: o2 = 0.5,03 =
0.5,02 = 0.1 and p, = pg = 0.

model selection or the pigeonhole bootstrap should be necessarily conservative in the degen-
erate cases (Designs 2 and 3), but the simulation results nevertheless show that rejection
rates are essentially zero. Also, since the studentized mean is not asymptotically pivotal
under Designs 2 and 3, theory also does not predict refinements for the pivotal or symmetric
versions of either bootstrap procedure. This is reflected in the simulation results, showing
no systematic difference between the alternative implementations of each bootstrap.

As for the separable case, we also simulate the absolute error in rejection probabilities
based on the Gaussian, Subsampling, and bootstrap estimates with model selection (pivotal
and non-pivotal) at all percentiles for the degenerate case in Design 3, which are shown in
Figure 2. These results support the theoretical predictions that Gaussian plug-in inference
is inconsistent for the degenerate nonseparable case, and that subsampling is consistent
although at a slower rate than the bootstrap (pivotal or not) with model selection. Also, the
theory does not imply asymptotic refinements for the pivotal bootstrap in this setting, so we
should not expect the pivotal bootstrap to perform systematically better than its non-pivotal

version.
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APPENDIX A. ALTERNATIVE INFERENCE PROCEDURES

This section gives asymptotic results for alternative methods of estimating the asymptotic distribution

of Ynr, where we consider Gaussian inference using the robust variance estimator proposed by Cameron,
30



Gelbach, and Miller (2011), Gaussian inference using the modified robust variance estimator S NT,sel intro-
duced in section 3, subsampling inference (Politis and Romano (1994), Politis, Romano, and Wolf (1999)),
and Owen (2007)’s pigeonhole bootstrap.

A.1. Gaussian Asymptotic Inference (GAU). We first discuss inference using an estimator of the
asymptotic variance together with quantiles of the Gaussian distribution. Specifically, we consider the two
different variance estimators S’]QVT dey and S’]QVT dey introduced in Section 3.

Corollary C.1 below shows that S’?VT’sel is pointwise consistent for the asymptotic variance. We now give

a counterexample to show that the default estimator 5'12VT def 18 not: Suppose that

iid
Y = oy, @i,y ~ N(0,1)

Since «; and ; are independent and have zero mean, the convergence rate of the sample mean is r;,2T =

(NT)~!. We can then verify that the asymptotic variance of the sample mean is

N
\/LN Z Q; Z ”yt] ) Var(a;)Var(y:) = 1

Plugging the model into the expression for the variance estimator and rearranging terms we find that

( ) LS o any
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where ay = + Zil o; and yr 1= 7 Zthl vt. Clearly, \/—% Zi\;l a; and % Zthl ~; converge to inde-
pendent standard normal random variables, + Zfil(ai —an)? S Var(a;) = 1, and * Zthl (ve — A7) B

NT

-
Il

Var(v:) = 1. Hence, by Slutsky’s Lemma, it follows that

where Y7, Y5 are independent draws from a chi-square distribution with one degree of freedom. In particular,
for this specific distribution of the array (Yi;); +, the limiting distribution on the right-hand side has zero mean
and non-zero variance so that the default estimator of the asymptotic variance is unbiased but inconsistent.
However, using arguments parallel to the consistency proof for the modified estimator in Proposition 4.1,
the estimator S'NT,def remains consistent if ¢, = 0.

Finally we turn to asymptotic validity of Gaussian inference using either variance estimator - from Theorem
4.1, the asymptotic distribution for the sample mean is (\/qeZ¢ 4+ \/GaZ® + /33 2%) + 0V = V1= quZ + 0V,
where V' is Wiener chaos governed by the spectral coefficients ¢ and with unit variance, and Z is a random
variable with a standard normal marginal distribution. Given a consistent estimator of the asymptotic
variance, the Gaussian approximation assumes a limiting distribution Z 4+ 0 - V. Since both Z and V have
zero mean and unit variance, there is no clear dominance relationship across all relevant percentiles and the
tails between the true limiting distribution and the Gaussian approximation when ¢, > 0. Hence for a given
testing problem, values of g, > 0 and spectral coefficients ¢, Gaussian inference may or may not control size

conservatively, depending on the nominal significance level and the specific distribution of Gassian chaos V.
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In contrast, when ¢, = 0, either variance estimator is consistent and Gaussian inference is asymptotically
valid. However, as in the standard case of i.i.d. data, Gaussian inference does not provide higher-order

refinements.

A.2. Subsampling (SUB). As an alternative to the bootstrap, the researcher may estimate the limiting

distribution of Y using subsampling. Specifically, we consider the following procedure:

(a) We choose subsample sizes mpy, mp — 0o, where we assume throughout that my /N, mr/T — 0.

(b) for the bth subsample, let j(1),...,j5(my) and s(1),...,s(mr) be drawn uniformly and indepen-
dently without replacement from {1,..., N} and {1,...,T}, respectively.

(c) We then let Y7, := Yju)s)p for i = 1,...,my and t = 1,...,mr, and form the bth subsample

\/ O . 1 mn mr o
mean Yy, = mNmr Dot Doy Yo

For a pivotal version of subsampling, we use the variance estimator
(S%7,5)* = Da(ka)T(62)° + Dy(rg)T(55)° + (67,)°

Here, the variance estimators 65,6, 6y, are the subsample analogs of 52, &3, 62, the selectors Dy (k), Dy(k)

based on the initial sample are as defined in Section 3, and k4, ks > 0 are chosen according to whether
subsampling is implemented with or without model selection.
We can enumerate the possible subsamples of this type by b = 1,..., B}; where B, = (W]LVN)( T )

and denote the conditional distribution of the normalized subsample mean given the sample (Y : i =
1,...,N,t=1,...,T) with

BO
o o \/ O \/ 1 . o \/ O \/
Nr(ryr (Yyr — Ynr) <) = Bo Z B{TNT(YNT,b ~Yyr) <}
NT p=1

Here, we denote the rate for the subsample mean with
(T’?VT)2 = m&lag + m}las + (mNmT)flan
We can summarize our findings for this subsampling procedure in the following proposition:

Proposition A.1. (Subsampling) Suppose that Assumption 2.1 holds, my, mr — oo, and "X, 7L — 0.
Then

[PXr(rir (Yar — Yar)) = Par(rvr(Yar — E[Yi]) oo = 0
pointwise. If in addition Assumption 2.2 holds, subsampling is consistent along drifting sequences if and only

if @ =0 or (T?VT)Q(m;,102 + m;lag) — 0.

It is straightforward to establish consistency for pivotal versions of subsampling, where we can use Corol-
lary C.1 below to show pointwise consistency for subsampling using the subsampling analog of the variance
estimator with model selection, and uniform consistency regarding clustering in means (UNIF-1) without
model selection.

As in the i.i.d. case, the subsampling estimator for the limiting distribution converge at a slower rate than
the bootstrap, which depend on subsample sizes my, mp rather than N and T, respectively. Specifically,
noting that the leading terms of the decomposition of Y3, — E[Y};] are i.i.d., we can adapt the argument in

Section 2.4 of Politis and Romano (1994) to establish that for the pivotal version of subsampling

Y, =Y, Ve TRV 0 \2
Pt | vmnmr M —Pyr | VNT w =0p | (%) + (rN_T)
ST SNT,sel TNT

32

oo



where 3, depends on the choice of the sequences my, mg. We can separately check for each case with

respect to the magnitudes of 02,03,03,03 that my,m7 can be chosen such that (r)~! + (?NV—;) =

0] (’I“;[?T/3), but no faster rate can be achieved. This also gives the fastest possible rate at which subsampling
can approximate the asymptotic distribution. As with subsampling of i.i.d. data, this convergence rate is
the same for the pivotal as for the non-pivotal case. These findings for Gaussian asymptotic inference and

subsampling are summarized in Table 4.1 in the main text.

PROOF OF PROPOSITION A.1: Define the local parameters

Qo NT = (r}p)?my'os, 4y NT = (T?VT)zm:FlUS
Qo.NT = (r}p)*(mymr) "ol Qo NT = (r¥r)*(mymy) ol (A1)
qZk,NT = (T?VT)2mX/10ak q;k,NT = (T?VT)2m:Flng
for k=1,2,..., and for given sequences my, mr we denote the limits with

o . o . ° . ° .
dq = }\lffr,ll,Q(thmT? qq ‘= }\1,%1, dg,mymr Qe = }\lffrjl,Qe,mNmT qQy = }\1,%1, Qv,mNmr

ok, == 1m Gak,mymzr Qgi, == 1m gk, myme
fork=1,2,....

Let Jy7(z) := P(ryr(Ynr — E[Yi]) < 2) and J3p(2) := Py (r3r (Ve — E[Yi]) < ) be the respective
unconditional c.d.f.s of the normalized sample mean and its subsample analog. We first check whether
Jnr(z) and JRr(x) have the same limits under different assumptions on the variance components, and then
give necessary and sufficient conditions for consistency of the subsampling estimator for Jyr(z).

For the bth subsample rows and columns are drawn uniformly and without replacement from {1,..., N}
and {1,...,T} respectively. Hence the array (Yii,b i=1,....omyst=1,..., mT) is a draw of size my x mp

2 2

from the same separately exchangeable array as the initial sample with second moments o2, 02, o

2
g v310¢ and

spectral coefficients ¢ = (¢1, ¢a, .. .) for the sparse representation of E[Y:|a, v4].

: o e o o o o o o o :
Hence, if we let q¥rp := (¢ N7+ 90 N7 Qg NT> o1, NT> Da1, NT» Qa2 NT» Qg2 NT» - - - )» it follows from Theorem

4.1 that along any convergent sequence q3%+ — q° = (g2, 45, 4,901, 9915 902, dg2s - - - ), we have
PN (rRr (Yo g s — E[Yae]) = Lo(d®, €, 0%)[[oc = 0

where ¢° := limyr r3(NT)~'/2. In particular, the respective limits of Jyr(z) and J%.(z) along such a
subsequence are continuous and coincide if and only if q° = q. Moreover, noting that the leading terms of
the decomposition of Y, — E[Yy] are i.i.d., we can adapt the main steps of the proof of Theorem 2.1 in
Politis and Romano (1994) to conclude that subsampling is consistent whenever Jyr(x) and Jyr(z) have
same limits.

2 62,62, 02 are

held fixed, we need to distinguish only two cases: if ¢, + g, > 0 it follows that ¢, = g. = 0, so that

For pointwise properties of the subsampling estimator, that is whenever the variances o,

da + qg = 1. By inspection we then also have ¢; = ¢¢ = 0 and ¢ +¢q; = 1. If go + g5 = 0, then we also
have g, + g = 0. Since the subsample is a draw from the same separately exchangeable array as the initial
sample, it also follows that ¢° = ¢ and ¢ = ¢y, so that Jyr(x) and JRr(x) have the same pointwise limits
when o2, O'g, o2 o2

For drifting sequences, we can now distinguish several cases regarding the limit of the sampling distribu-

are fixed.

tion: If g, = 0 then ¢; = 0 and g4 + gy + ¢e = g5 + ¢, + g¢ = 1, so that the limiting distributions coincide.
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If g, > 0 and g, + ¢4 > 0, then myx/N — 0 and m7/T — 0 implies that g; + ¢; = 1 and g7 = 0 so that
subsampling is inconsistent along that sequence. Furthermore, for certain sequences my, mr we may also
have g5 + gy > 0 and ¢; > 0 when g, + ¢, = 0 and ¢, > 0. Hence, Jyr(z) and J§p(z) do not converge
to the same limit whenever ¢, > 0 and ¢, + g; > 0, so that subsampling is not consistent under these se-
quences. Since there is no unambiguous dominance relationship in the respective percentiles of the standard

normal distribution and Wiener chaos, subsampling inference is also not guaranteed to be conservative unless

Qv qu ]

A.3. Pigeonhole Bootstrap (PGH). We next consider Owen (2007)’s “pigeonhole” bootstrap for infer-
ence regarding E[Y;;] under multi-way clustering. Large-sample results were provided by Owen (2007) for
the additively separable case, and by Davezies, D’Haultfoeuille, and Guyonvarch (2018) for the asymptotic
distribution at the \/W rate. We give a result at the adaptive ryr rate that explicitly accounts for
the non-separable case as well. To simplify derivations, we consider a slight modification of the procedure
by Owen (2007), where instead of drawing units ¢ € {1,...,N} and ¢ € {1,...,T} with replacement, we
assign each “row” 7 and “column” ¢ random resampling weights M; and M; that are drawn i.i.d. from a
fixed distribution.

Specifically, we consider the following procedure:

(a) For the bth bootstrap iteration generate random weights My, for each i = 1,..., N (M, re-
spectively, for t = 1,...,T) as i.i.d. draws from a binomial distribution with N trials and success
probability % (T trials and success probability %, respectively).

(b) We then form the bth boostrap mean

N T
— 1

* PG |
Yyr, = —Ng‘Tb* E E My p Moy Yt

i=1 t=1
here N; := "N M ATy =1 M
where Ny := 37,0 Myp and T := >, Moy .

For the pivotal bootstrap we can use the modified variance estimator with or without model selection.

Specifically, let

T
1 _ _ _ _
22,%xPG  ._ ) *, PG *, PG\2 22,xPG .__ % * PG *, PG\2
Sa = N E :M117b(}/;T,b _YNT,b) ) Sg =T, E M2t7b(YNt —Yyr )
b =1 t=1
1 N T
~2,%«PG . z:j : ) * PG o, PG 2
S’w T N*T* MllvbMQtvb(}/it _YNT )
b7b =1 t=1
%, PG 1 T _ 5%, PG 1 N v
where we denote the row and column means Yir, = 7 Doi1 Moy Yy and Yy 7 = T Yoicq MY
We then form the variance estimator
&2,xPG * T~ 22,xPG 1 22,%xPG * T 22,xPG 1 22, PG 22,xPG
Ssehb = Ty Dy(ka) max{(),sa — st } + Ny Dy(kg) max{(),sg v 5% + 8y
b b

where the selectors ﬁa(ﬁ),ﬁg(,‘i) defined in Section 3 are evaluated for the initial sample and g, k4 are
chosen according to whether we use the variance estimator with or without model selection.

We denote the conditional law of Yﬁ’fc given the sample (Yj¢); with
P?\}I;G(TNT(Y;’T{DG — YNT) S I) = ]P)I\/[h]\/[2 (TNT(YJ:}’T{DJ? — YNT) S T Y117 e ,YNT)

This is a modification of Owen (2007)’s pigeonhole bootstrap with random sample size. We do not claim

any theoretical advantages for this modification. Rather we only introduce it to simplify the theoretical
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analysis and find that its asymptotic properties match those of the original procedure in the cases where
those properties have been derived previously. The simulation study in Section 5 implements the original
version proposed by Owen (2007), and results match the theoretical properties shown here for the modified
version.

Specifically, we find the following:

Proposition A.2. (Pigeonhole Bootstrap) Suppose that Assumptions 2.1 and 2.2 hold. Then if ¢, = 0,
the pigeonhole bootstrap

IPREC (rnr (Vi — Yar)) — Par(rvr (Yar — E[Yi]) oo 2 0

uniformly, where ]P’ﬁ% is the convolution of the sampling distribution for ry7(YnT — E[Yi]) with an inde-

pendent Gaussian random variable with variance 2(qe + qy)-

In particular, the pigeonhole bootstrap is consistent in the non-degenerate case o2 —i—og > 0 and asymptot-
ically conservative for the sampling distribution under bowl-shaped loss not only point-wise but uniformly as
long as g, = 0. On the other hand, the pigeonhole bootstrap is not guaranteed to converge to a deterministic
limit for g, > 0, and it furthermore over-estimates the contribution of the average ﬁ Zil Zthl(Uit + eit)
to the limiting distribution by a factor of three, which can result in a substantial reduction in power when
observations are uncorrelated or even fully independent within clusters. It is possible to show that a pivotal
version of the pigeonhole that uses the two-way clustering robust variance estimator without model selection
does not suffer from that power reduction in the degenerate case, but remains inconsistent when ¢, > 0. We
report simulation results for both versions of the pigeonhole bootstrap in Section 5.

One might also consider modifying the pigeonhole bootstrap using model selection along the lines of 3 in
order to improve its pointwise properties at the expense of losing uniformity for ¢, > 0. We find that in
contrast to the new bootstrap procedure proposed in this paper, plausible modifications of the pigeonhole

bootstrap along these lines still fail to achieve point-wise consistency.'®

PROOF OF PROPOSITION A.2: For the bth bootstrap replication, we can decompose the mean as

N T -
Vel < 1 B B 3 1 - B B
Yty = Ynr+ N >N Miipl(a; — an) + (vir — o)) + T >~ Morsl(ge — gr) + (one — InEAL2)
b =1 t=1 b
. XT
TN Z Z M p Moy p(eir — enT)
bTb =1 t=1

00 N T
+ ch <]$; ZMli,b (dr(as) — ¢kN)> (Tig Z Moy (Vr(ve) — 1/%T)>
=1 =1 =1

where U7 1= %Z;‘ll Vit, UNt 1= % Zi\il Vit, OpN = % Zi\il ér(ay), and Y7 = % Zthl Yr(vk). We can
immediately verify that for the binomial distribution, E[M;] = 1 and E[MZ;] = E[M1;]? + Var(My;) =2 — 3.

Similarly, E[My] = 1 and E[M2] = 2 — &

T where My1,..., M1y and Moy, ..., Myp are also independent.

108pecifically, if the consistent pre-test for clustering in means fails to reject the null of no dependence, a
modified bootstrap could either switch to a bootstrap that treats entries in each column or row as inde-
pendent, or subtract column- or row-means from observations to eliminate a spurious correlation. We find
that neither alternative is pointwise consistent, where the first proposal results in a Gaussian limit for the
bootstrap distribution even when ¢, > 0, and would therefore be inconsistent (and not necessarily conserva-
tive). The second alternative would replicate the distribution of the Wiener chaos component, but continue
to over-estimate the scale of the asymptotic distirbution in the degenerate case by 202.
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Hence, conditional on eqq,...,eNT,

Varyr ( Z Z M May b61t> - L
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noting that M, p, My, are independent. Similarly, conditional on aq, ..., an,

N
VarNT< Z 1ip (o (as) — ‘JgkN)>

N
(M) ~ D)3 3 (dulas) = du)”

N
1\ 1 — 32 *, PG \2
(1- ) 3 3 (@slan) - )’ = (o35
i=1
with analogous results for the variances and covariances among one-dimensional averages \/—% Zi\il M p(a;i+
_ T _ T n
i)y o Doy Morp(ge +0), and —= 37,y Moy (¥(ve) — Yur).-
PG N T _ #*PG\2 N _ PG\2 .

Next, we let (a* NT) = ﬁ Zi:l Etzl(eit - €NT)2, (U(LNT)2 = ﬁ Eizl(ai - aN)27 (U_;,NT)2 =
ﬁ Ethl(gt — gr)?, be the empirical variances of the projection components. Similarly for k = 1,2,... we
define the empirical variances (a;’,fﬁT)?, (022’15 f,T)Q and covariances aZ}fﬁT, (a;;fﬁT) with the basis functions
of the spectral representation of the conditional mean function. We can then characterize the pigeonhole
bootstrap distribution in terms of the local parameters q::ﬁ? =rnr(o o NT) for s =a,gq,¢l,v¥1,al,gl,.

and

*PGi(*PG *, PG x, PG x PG *, PG *, PG *, PG )
aNT Qe N1 90 NT> 9. NT> 91, NT> D1, NT> a1 ,NT Qg1 , NT - - -

We also define its population analog

_ (. PG PG PG PG PG PG PG
aNT = (qe,NTa 90, NT»499,NT>»9¢1,NT> 991, NT>Y9a1,NT> g1, NT> - - -),

where ngT = ¢s,n7 for each s =al, g1,..., qd,k NT = qw,C Ny =1 foreach k =1,2,..., qa ST = qanNT +
qu,NT 5 q;%T = qg,NT + Qu,NT, and QQJC\;/T = 3¢e,NT-
If g, = 0, Lemma 3.1 together with a law of large numbers for the components corresponding to moments

of the basis functions ¢x(a;), k() implies that for each K < oo, ||q*NI;CI;< - qﬁ%KH 2 0 pointwise,

*PG

where qEI;G and qNT x denote the subvectors consisting of the first 3 + 4K components of q,, and

qﬁ% K, respectively. In particular, for the pigeonhole bootstrap all relevant variance parameters converge in
probability to their corresponding population analogs, except for q: ﬁg which converges to 3¢, n7 instead.
Next, along any convergent sequence qNT — qP% we can apply a CLT to obtain a Gaussian joint
asymptotic distribution for any finite subset of the averages % Efv 1 E;;T 1 Myip(a; +v;), :1r 23:1 Moy p(gt +
U), Zfil Ethl My sMapeir, + Ef\il My (¢r(w) — drn) and Et L Moy (Uk(ve) — gnr) for k =
1,2,.... Also, NW;, TTI’ % 1 by a law of large numbers.
Following the truncation argument from the proof of Theorem 4.1, we can then conclude that along any

convergent sequences qnr — q,
1PN v (Vs — E[Ya)) — Lo(a™%, ¢, 0)llse — 0 (A.3)

where the simulation algorithm estimates the law P’ NT con51stently, and q'¢ coincides with q if and only
if g¢ + ¢» = 0.
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Since convergence also holds along drifting sequences, we can adapt an argument from the proof of The-
orem 1 in Andrews and Guggenberger (2010) to conclude that the asymptotic properties for the pigeonhole

bootstrap are in fact uniform, see the Proof for Theorem 4.2 for details O

APPENDIX B. EXTENSIONS

This section gives various extensions to the baseline case. We first show how to apply our results to
approximate joint distributions of means in several variables and when the statistic of interest is an estimator
that is defined by potentially nonlinear moment conditions. We also consider inference in regression models.
We furthermore consider non-exhaustively matched data, when not all of the N x T" index pairs are observed,
and the case in which the (i,t) index pairs correspond to clusters of more than one unit. We finally consider
clustering across D rather than two dimensions, then problems in which data concerns outcomes at the level
of a dyad or larger subgroup out of a sample of N “fundamental” units. Sample averages of that type are

common in the analysis of network or matching data.

B.1. Multivariate Case. Another important extension concerns the case of the mean of a vector-valued
array (Y;:), where Yi = (Y1, - . -, YM“)/ € RM™ and the joint distribution of the components of Y, is left
unrestricted. This generalization is relevant for joint tests and estimators that are defined by a vector of
estimating equations described in the next subsection below.

For this case, we can consider a component-wise Aldous-Hoover representation of the array

Yir = f(p, 0, vs,€it)

Here p, o, e, €5t € RM are ii.d., but the individual components of the vectors o, v¢, and &4, respectively,
may be dependent in an arbitrary fashion.

We can then implement the bootstrap algorithm from the baseline case jointly in all M components of the
random vector Y, where the projections &;, g§; and W;; are M-dimensional vectors whose components are
defined in analogy to the scalar case. The shrinkage parameters 5\1, ey A are then computed component
by component as in the univariate case.

We denote the respective rates for the individual components with ry7 = (rinT,...,"mNT)’, Where
ranT = Var(f’mNT), the variance of the mth component of the sample average Ynr. We also denote
slowest component of ry with oy := max;,=1,... am |rmy7|- Then using the Cramér-Wold device, it follows
immediately from Theorem 4.2 that the bootstrap remains consistent for approximating the joint distribution
of diag(ryr)(Ynr — E[Y4]) if the conditions of that theorem hold for each component m = 1,..., M.

Similarly, a refinement at the QX,QT rate is a straightforward extension of Theorem 4.3.

B.2. Bootstrapping Estimators. The bootstrap procedure developed for the distribution of the sample
mean Yy7 can be used to estimate the distribution of potentially nonlinear estimators. Specifically, suppose
that the estimand of interest is a parameter 6y in some parameter space © C R which satisfies moment
conditions of the form

E[g(Yit; 60)] = 0
for a known function g : Y x © — R™. We can obtain a Z-estimator 6 for the parameter by solving m
estimating equations of the form

0= Anrinr()
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where we define gn7(0) := = Zfil Z;‘ll g(Yi;0), and Ayr is an k x m matrix which may depend on

quantities estimated from the data with probability limit Axr - Ao. If we denote the Jacobian of the pop-
ulation moment with Go := VyE[g(Yis; 0p)], under regularity conditions we have from standard arguments!!

that the estimator is asymptotically linear and satisfies the expansion
rnr (0 — 600) = — (A0Go) ™ rnrdnT(60) + 0p(1)

where ry7 is a rate such that the distribution of rn7gnT(60) is asymptotically tight.
Following the proposal by Kline and Santos (2012), we can obtain the bootstrap analog §%(f) :=
ﬁ Ef\il g% by resampling from the N x T x m array with entries g;; := g(Yi;; ) using the (multivariate

version of the) algorithm from Section 3. We can then estimate the distribution of the estimator with
A o A N -1 A
rNT(0° —0) = — (ANTGNT> rnrdnT(0)

where Gy = ﬁ sz\il Zthl Vgg(Yit;é). It is important to note that refinements are generally only
available if the estimating equations are linear in the parameter, so that the estimator can be represented as
a smooth function of sample moments.

An important special case are method of moments estimators that match model predictions as a function
of the unknown parameter 7 : © — RM to the corresponding sample moments, ﬁ Zi\il Ethl g(Yit). In

that case, we can directly bootstrap the joint distribution of the sample moment functions via

1 N T
gnT(0) = w77 >0 g(Yi) —w(6)

i=1 t=1
Note that the resulting estimating equations are linear in the sample moments by construction, so that
the bootstrap procedure immediately inherits the asymptotic properties from the bootstrap distribution for

vectors of sample means, including refinements.

B.3. Inference in Regression Models. In a regression model
Yyir = 2301 + 2ifo + tir,  Elui|zi, 2] = 0

the researcher may be interested in inference conditional on the regressors x;, z;. In that case the assumption
that the error u; be separately exchangeable conditional on (x;, 2;) is unreasonably strong, especially under
potential misspecification of the regression function. However if u;|x;, z¢ is a.s. continuously distributed,
the conditional integral transform

Vit 1= g,z (Wit|Ti, 2¢)
follows a uniform distribution conditional on z;, z; and may be embedded into a separately exchangeable

array. This gives us the Aldous-Hoover representation

Uit = FJ;)Z(WHJ% 2) = FJ;Z(f(M, i, Ve, Eit) |20, 26) = fu(aiu Tiy Ve, Zt5 Eit)

where «;,v;, e are i.i.d. conditional on xy := (x1,...,zn) and zp := (z1,...,27r). We can therefore
find an orthogonal decomposition of u;; conditional on xy,z7r that is analogous to that for Y;; in the

unconditional case. Under the appropriate moment conditions for z;, z; we can then obtain the conditional

o e N T . . : :
limiting distribution of ZFL 37", > (7}, 2{) us given Xy, zr via a martingale CLT using an analogous

argument as in the proof of Theorem 4.1.

HSee e.g. Newey and McFadden (1994)
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The corresponding bootstrap procedure holds z;, z; fixed for each bootstrap replication and resamples

residuals u, from an estimate of its conditional distribution. Specifically, we let 4 := Yj¢ — ,T;Bl - 21’532,

A 1o
a; = T Uit
t=1
1
g = Nzﬁita and
=1
Wit = Uit — Qi — Ji-
{ ._ _ Da(ka)T8? 3 ._ _ Dg(rg)Nég : :
We also compute A\, := B(ma)T62 452 and Ay 1= By (ry) NGZ 157 for the bootstrap with or without model
selection, where 62, &g, 62 are defined in an analogous fashion as in Section 3. We then generate the bth

bootstrap sample according Y;* := #/ 31 + 2|2 + u,, where

* N ~ N ~ ~
Uy = \/ AaWai,bGi + \/ AgWgt bGt + Wai, bWyt bWit

where wg;p, wge,p are 1.i.d. random variables with zero mean, and second and third moments equal to unity.

A proof of asymptotic validity of this bootstrap procedure closely follows the argument the unconditional
case in Lemma C.2 and Theorem 4.2. The shrinkage strategy based on the unconditional variance ratios yields
asymptotically valid inference despite the fact that the conditional variance ratios T'Var(a;|x;) /(T Var(a;|x;)+
Var(w;t|z;)) and NVar(g:|z:)/(NVar(g¢|zt) + Var(w;t|2:)) need not be constant. Specifically, for sequences
under which T'o? is bounded, T'Var(a;|x;) must also be bounded with probability approaching 1. On the
other hand, if To? — oo, the ratio T'Var(a;|r;)/(TVar(a;|z;) + Var(wi|z;)) — 1 with strictly positive
probability, so that the bootstrap procedure with A\, = 1 yields a Gaussian limit with the correct asymptotic
variance. The analogous conclusions hold with respect to bounded and divergent sequences of N ag. Finally,
for unbounded sequences for To? and N 03 which do not converge to infinity, we can partition that sequence
into a divergent and one bounded subsequence along each of which the bootstrap is asymptotically valid.
In particular, the bootstrap with or without model selection inherit their pointwise (uniform given ¢, = 0,

respectively) consistency properties from the unconditional case.

B.4. Non-Exhaustively Matched Samples. We next consider the case in which Yj; is observed only for
some, but not all index pairs (¢,¢). For example, units ¢ = 1,..., N could be high school students, and
t=1,...,T teachers, and we observe student ¢’s test score Yj; after being taught by teacher ¢. The process
for assigning students and teachers to classrooms may be “blind” to student and teacher-level characteristics
o Or 7y, or subject to sorting. E.g. a principal may assign a more talented teacher to a classroom of “weak”
students. Endogenous sorting raises additional major conceptual and practical issues for identification and
estimation, so for the remainder of this section we focus exclusively on the case of “exogenous” assignment,
in a sense to be made more precise in Assumption B.1 (b) below.

We can formalize such a sampling scheme by defining an N x T matrix W of indicator variables, where
Wit equals one if Yj; is observed for the dyad (i,¢), and zero otherwise. We then consider the sampling
distribution of

B 1 N T
T e
conditional on W;;. We also let

1 1 o1 Ly Ly
pi::T;Wit’ pt::NZWit’ andp::ﬁ ZWit:N;pi:T;pt

i=1 i=1 t=1
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We then make the following assumptions:

Assumption B.1. (a) As N,T — co sampling weights Wy, are such that - Zi\il (pi/D)? = Ta < 00 and
T Z;’;l (pe/D)? = 74 < 0. (b) The random array can be represented as Yi; = f(cu, i, eit) for some function

h(-), and random variables c;,vi, i that are i.i.d. conditional on Wi.

Note that part (a) does not impose any restrictions on the density /sparseness of the sampling frame, but
the assumption of finite limits 7,,7, amounts to a balance requirement on relative cluster sizes in either
dimension. In particular we allow for the case p — 0, but rule out the existence of individual clusters that
dominate in size. Part(b) can be interpreted as a “no sorting” condition that is restrictive in many contexts
in which the observable (i,t) pairs are the result of matching or self-selection of economic agents. This
excludes cases with assortative matching on worker and firm productivity, or samples with students and
teachers that are matched according to ability.

Given Assumption B.1, we find from elementary variance calculations that

rvrw = Var(Ynrw) (B.1)
- L Tpo? El i b 2 + Npo? 1 i i 2 + o2
NTp “IN = D 9T —\D w

From this expression, we can see that clustering on «; and ; matters asymptotically if and only if N ]503 +
Tpo? converges to a strictly positive limit. Cluster-level variation dominates the limiting distribution if
N[)ag + Tpo2 — oo.

By Assumption B.1 (b), E[Yyrw|W] = E[Y;|[Wi:] = E[Yy] a.s., so that our analysis of the asymptotic
distribution will focus on the studentized mean ryr(Yy7w — E[Yi]).

We then consider the following bootstrap algorithm:

(a) Generate an exhaustively matched bootstrap sample Y;5, i =1,...,N,t =1,...,T as in the baseline
case with
. N2
. Da(’iaﬂPUZ [% Ei:l (%) :|
Ao = 5
> 552 | LN (pi 552
DG(KG)T Oq |:N i=1 (?) :| +p0w
> =452 | 1 T Pt 2
. Dy (rig)NpGg | 7241 (?)
Ag =

where k4, kg are chosen according to whether the bootstrap is implemented with or without model
selection. For the conservative bootstrap, ;\a, 5\g are constructed in analogy to the description in
Section 3.

(b) Keep the observations for which W;; = 1 and compute the bootstrapped mean

B 1 N T
Viw = oo 2. 0 WaYi

N T
Zi:l Et:l Wi i =
We can then show that under Assumptions 2.1 and B.1, the analogous conclusions to Theorems 4.2 and
4.3 hold for the modified bootstrap distribution:

Proposition B.1. (Bootstrap Consistency) Suppose that Assumptions 2.1 and B.1 hold. Then the

sampling distribution Pxr(ryr(Ynr.w — E[Yi])) and the bootstrap distribution Py, (TNT(Y]T,ﬂW —Ynrw))
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converge in probability to the same limit,
IPrr(rvr (Yvrw = EYal)) = Par(rvr(Virw — Yurw)) oo =+ 0

where convergence is pointwise for the bootstrap with model selection. If q, = 0, convergence is uniform
for the bootstrap without model selection, for q, > 0 the bootstrap without selection is inconsistent. The

conservative bootstrap is consistent for the case q, + q. = 0, and conservative for the case g, + q. > 0.

See Appendix C for a proof. The only major complication arises if the second-order projection term
NTp2 ZZ 1 Zt 1 Witvis remains relevant in the limit. In that case, the terms NT ZZ 1 Zt 1 Wi () r(ve)
of the sparse representation can in general no longer be represented in terms of separate sample averages of
ok (a;) and Y (), respectively. Instead we use results on random quadratic forms by Gétze and Tikhomirov
(1999) to reach the analogous conclusions. For the case of a sparse sample, p — 0, Corollary 2 in Goétze and
Tikhomirov (1999) furthermore implies the stronger conclusion of asymptotic normality of ry7 (Yy7 —E[Yi])
even when ¢, > 0. Finally, a straightforward adaptation of the arguments in the proof of Theorem 4.3 estab-
lishes refinements to the estimated percentiles for the case of non-exhaustively matched samples whenever

Q'UZO-

B.5. Unbalanced Cluster Sizes. Suppose that we observe R;; i.i.d. units in the intersection of clusters ¢
and ¢, denoted by Y., 7=1,..., R;;. We consider inference for the pooled average

N T R

S_/ = Y;r
M Zz 1Zt 1 lt;;rzl '

T N ~ N T ~ N
We also define r; := %thl Ri, ry = % > i1 R, and 7 := ﬁ Yoic1 2oteq Rit. Clearly, 7 = % Dol Ti =
1 T
T 2t Tt
Note that for the case of equal-sized clusters, R;; = R, this problem is formally equivalent to clustering
in three dimensions ¢ =1,..., N, t=1,...,T,and r = 1,..., R, where clustering in the third dimension is

trivial, and the Aldous-Hoover representation is of the form
Yitr = f(au, v, €itr)

where «;, Vi, €44 are i.i.d. across all indices. Note that in the case of balanced cluster sizes, R;; = R for
all 4,t, we can directly apply our results for the baseline case, where Yj; := % Zle Y;i. The unbalanced
case in which R;; varies across 7,t requires additional assumptions under which we can adapt our approach
for the case of non-exhaustively matched samples from the previous section. However, our results do not
assume that R grows large.

For our results we assume that cluster size is independent of cluster effects «;,y:, and that the imbalance

in cluster size is bounded:
Assumption B.2. (a) As N,T — oo sampling weights Ry, are such that ¥ — 0o, % Zi\;l (ri/7)* = 04 < 00
and % Z;‘ll (rt/f)2 — 04 < 00. (b) The random array satisfies Yi, = h(ou,vi, i), where a;, v, €4 are i.i.d.

conditional on R;;.

Now let
T R N R
4 = g g Yitr — YNT.R Ji = E E Yitr — YNT.R
T N
t 1r=1 i=1r=1
th
Vg 1= itr — Qi — gt F YNT,R €itr 1= Yitr — Q3 — Jt — Vit
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For our projection representation, 9;; estimates the second projection term E[Y;, |, 12, and é;4 may remain
relevant for the limiting distribution as long as R does not grow too fast.

We then construct a bootstrap sample as follows:

(a) Generate aj := apg, 97 = gst) for i = 1,...,N and t = 1,...,T where k(i) and s(t) drawn
independently and uniformly at random from the index sets {1,...,N} and {1,...,T}, respec-
tively, and v, 1= Vp(i)st) and ey, = €x(i)s(t)q(r) fOr q(r) drawn independently and uniformly from
{1, Ryt 3

(b) Let w;,w:,w, be ii.d draws from a distribution with mean zero, unit variance, and third moments
equal toone fori=1,....,N,t=1,...,T,andr=1,...,R.

(c) Generate an N x T x R array of bootstrap draws

Y;tr = YNTR + \/ a + \/ gt +wzwt szt + wre ztr)
Where 0= T—‘,-GQ and
. f)a(’ia)TF@% {% dim (%)2}
Ag = —
Da(ka)TT62 % D1 (%)2 + 7oy,

- =22 |1 T Tt 2

5 Dg(“g)NTUq [T PO ( F) }
g =

~ N T 2 . *
Dy(kg) N7y [ 5 550, (3)°] + 702
where Kq, kg are chosen according to whether the bootstrap is implemented with or without model

selection. For the conservative bootstrap, Ao a /\g are again constructed in analogy to the description

in Section 3.

Under Assumptions 2.1 and B.2, the analogous conclusions to Theorems 4.2 and 4.3 regarding bootstrap
consistency and refinements hold for the modified bootstrap procedure after only minor modifications of the

arguments in Theorem B.1.

B.6. Clustering in D Dimensions. The bootstrap procedure can be immediately extended to the case
of an array (Y, i, :41=1,...,N1,...,ip =1,..., Np) that may exhibit clustering in D dimensions. As
in the benchmark case, we assume that the sampling units corresponding to the indices in each dimen-
sion are i.i.d. draws from a common distribution so that for the dth dimension the “sheets” of the
form (Yil” tig =1,...,Ng,d # d) are identically distributed for each j = 1,..., Ny and d =
1,...,D.

Such an array is separately exchangeable, and the main result by Hoover (1979) (see also Corollary 7.23

Ad—1Jld+1---i1D

in Kallenberg (2005)) implies that it can be represented as
1 1) (k) (D)

Yi, i = f1, Qi1 Qs+ Qg dyin.igo -0 Y. Diy .. ZD)
for some function f(m, agl), aél) e 70451.:.).)D)= where u, aglzz, .. agD)D“miD are i.i.d. draws from the uniform
distribution for ig = 1,...,Ngand d = 1,..., D. As in the leading case, we consider inference with respect

to the conditional mean of Y;, ;, given p.
This case is therefore conceptually analogous to the two-dimensional case, but we need to keep track of
a larger number of terms in an orthogonal projection onto subsets of the D dimensions. For more compact
notation, we let N(k) Hd 1 Na/ Hz 1 Ng, for any k-variate multi-index d = (di,...,dy). In particular,
N Y Hd 1 Na.
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We can then adapt the bootstrap procedure from section 3 in the following manner: For £k =0,1,..., D

we then recursively define projections of the array on the k dimensions dy, ..., d,
al? = Z Yi,ip = YN,..Np
and for any multi-indices d := (d1, ..., dk) and i = (idl, ceeytdy), let
NONER! 4=
Aai = N(k_) Z Yii i Z Z d’ld/ ...id/
d ignd @{di,...,dy} =0d’eD(k')
where D(k’) consists of the (,f,) subsets of {dy,...,d;} of size k’. In particular, the projection residual
A(D) ., (k=1)
Z1 iD Z Z d'ld/ ...id/
k=0 d’eD(k)

As in the two-dimensional case, we let 62 e be the respective bias-corrected empirical variances of these

components. In order to select the asymptomcally relevant projection terms, for each multi-index d =

(dv,...,d) we also define the selector Daw)(fi) = ll{N((ik)a B > K} and sequences k ¢ that grow to
d d

infinity at a slow rate in min{Ny,,..., Ng, }.
For d € {1,...,D}, we then draw al(il)* independently from the empirical distribution for d((i ), and for
_ (k) —a&®
eachk=1,...,D—1and dy,...,d, € {1,...,D} welet a, iy g, = Qdydig (1) i) (lel wdﬂ-dl)

for independent draws wg;, from the same distribution as in the baseline case. As before, j3(iq) denotes the

index of the cross-sectional unit corresponding to the igth bootstrap draw for dimension d. We then form
* (k—1)*
Y7 iy = YN N+ Z Z V )‘d'kad’zd/ g,
k=1d’eD(k)

where for the bootstrap with and without model selection,

> (k) ~2
Da.(ik) (Ha(k) )Nd Ua(k)

Ad = = ®) ~
Dagk)(ﬂa‘(ik))Nd o2 (k) + 62 P
is defined in analogy to the two-dimensional case. In particular, for each d*) we choose K, according to
d
slowly increasing sequences for the bootstrap with model selection, and ) = 0 for the bootstrap without
d

model selection. For the conservative bootstrap, we set

. ]
by e qa’d h ~ L N(k) ~92
ak = ————5——, where § ) =max ]k, w,Ng 6
qa(k) +o (D) d d ayr
d a1..'p

We can then compute the bootstrapped mean YJTH...ND = N<°> Z“ ip Yir. ip or its studentization for

the pivotal bootstrap.
Noting that the arguments behind Theorems 4.2 and 4.3 do not rely on the assumption that the random
array is two-dimensional, an extension of these results to the D-dimensional case requires only a few minor

notational changes.

B.7. Dyadic and D-adic Data. The results in this paper readily extend to the case of dyadic or network
data, where we observe a D-dimensional array (Y;, . i, :41,...,ip = 1,..., N) whose distribution is invariant

to permutations « : {1,...,N} — {1,...,N}, that is Y;, i, 4 #(i1)..w(ip)- Using the terminology of
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Kallenberg (2005), such an array is jointly exchangeable and can be represented as

1 1 k D
}/’L'lv.»iD = f(,uv agl)a 051('2)5 ceey O‘EI_)__ika cee ao%('l,,),iD)
and u, 041(-11),041(-21), .. .,ang__)_iD are i.i.d. uniform random variables for i1,...,ip € {1,..., N} (see Hoover

(1979) or Theorem 7.22 in Kallenberg (2005)). Conditional on u, we then consider the sampling distribution

of the “D-adic” mean

— 1
YN,D = W . Z }/il...iD

for N units drawn at random from a larger population (with replacement) or distribution.!?

Example B.1. Subgraph Counts. Suppose that the adjacency matriz with entries G;; € {0, 1}N2 repre-
sents the subgraph among the set of nodes 1,..., N drawn at random from an infinite directed graph. Then
the sampling distribution for the density of network homomorphisms (adjacency-preserving maps, see Lo-
vasz (2012)) with respect to a network F among D distinct nodes can be approximated using this bootstrap
procedure in the following way: We can define an indicator R, i, (F) that equals 1 if there is an adjacency-
preserving map between F' and the subnetwork among the nodes i1,...,ip. We can then re-sample from the
D-dimensional array with entries Y, . i, := Ri,..ip, (F) using the algorithm described above, where in step
(b) we draw N row identifiers with replacement at random and select columns and other dimensions of the

array corresponding to the same identifiers.

We can implement each of the three bootstrap procedures (with and without model selection and conser-
vative bootstrap) for D-adic arrays by following the algorithm as described in Sections 3 and B.6 except that
in step (b) we draw N row identifiers with replacement at random and select columns and other dimensions
of the array corresponding to the same identifiers. The proofs of Theorems 4.2 and 4.3 then go through

under analogous conditions as for the original case.

AprPPENDIX C. PROOFS

Proof of Theorem 4.1. Recall that the projection in (2.2) was given in terms of the variables
eit = Yir — EYitloy, v),  ai = E[Yi|ai] — E[Yi],  gr = E[Yit| ] — E[Yi]

and
o0

vit = ElYirlai, w] — E[Yie o] — E[Yarlve] +E[Yae] = Y cxthn () ()
k=1
where we rewrite v;; in terms of the low-rank representation in (2.3). Also let

N T
ZA]% = TNTT;LL“ ZA% = TNTTth, and ZAJeVT = gg—;ZZeit

t=1 i=1 t=1
and
R X o 1 I
I3k == ), 2= —= > tr(n)
Nk \/N ; Tk \/T ;
for k =1,2,.... By independence of a; and ~;, ZAJ‘(, and Z% are uncorrelated. Since a; and ~; are independent,

ij,k and Z%k, are uncorrelated for any pair k,k’. Also by orthogonality of the basis functions, ZAf,k and

12Note that the case in which we only include D-ads of D or fewer distinct indices in the average is nested
in this formulation, potentially after rescaling the mean by a bounded sequence.
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Zf\’,k, (ZA%C and ZITZ’,C,, respectively) are uncorrelated for any k # k. Finally by mean-independence of e;; and
a;, V¢, the pairwise covariance between ZJ%T and each component of Zf\’,k, ZA%C, Zj‘{,, Z:qp are zero.
We can stack these sample moments
ZANTﬁK = (ZA]%Ta ZAXH ZA’?’) ZA?\;D ZA#D te ZA?\;K’ ZA%K) .
Now, let the sigma-fields Fi; := o ({aj,7Vs €55 1 j=1,...,4;s=1,...,t}), and define the filtration F, :=
Fi.s for each s =1,2,..., where i := [Ns/T]. Then each component of ZAfVTﬁK is a martingale adapted to

Ex)

Fr, so that by a CLT for martingale difference sequences and the Cramér-Wold device,
A d
Znrx — N(0,Q)

where @ is a (2K + 3) x (2K + 3) matrix whose first three diagonal entries are g., ¢q, and g4, and the
remaining 2K diagonal entries are equal to 1. For £ = 1,2, ... the entries of ) corresponding to covariances
between a; and ¢ () equal gui, and the covariances between g, and 1y (v;) are equal to ggr. All other
off-diagonal entries of @) are zero.

Truncating the expansion (2.3) at K < oo, we define

K
rvt (Yo —E[Yy]) = Z% + 28+ Z%r + onT Z cij’f,kZlTpk
k=1

From the previous steps it then follows that

- d
rNT (YN, K — ElYit k]) = V@aZa + /U924 + /@eZe + 0V

along each converging sequence, where

K
Vi = Z CL Z;fZ ,f
k=1
with the coefficients ¢ potentially variying along the limiting sequence, Zf, Zip, ey Z}i, Z}é are i.i.d. stan-

dard normal random variables, and Z% Z9 are standard normal random variables with Cov(Z?, Z;f) =

Gan/\/@a, Cov(Z9, Z}) = qgi./ /@5, Cov(Z®, 29) = Cov(Z°, Z}) = Cov(Z9,Z}) = 0 for all k = 1,2, .. .
Finally, notice that the approximation error with respect to the distribution of r y7(Yn7 —E[Y;¢]) from the

truncation at K < oo can be made arbitrarily small by choosing K sufficiently large, where the magnitude

of the approximation error can be controlled uniformly under Assumption 2.2, establishing claims (a) and
(b) 0

In order to prove Theorem 4.2, we first establish rates of consistency for the estimators for the respective

2

p 62 introduced in section 3.

variances of the projection components, 62, &

Lemma C.1. Suppose Assumption 2.1 holds. Then (a)

2
62—02 = Op (N_1/2 (oa + T_1/206> + T_1012)>
2
63 - Ug = Op (T_1/2 (Ug + N_1/206> + N_103>
6% =0k = Op ((NT)7V202 4+ (NV2 4+ T71/%)02)

(b) There exist no estimators for o2, 03 and o2, that converge at rates faster than those given in (a). Specif-

ically, o2 cannot be estimated at a rate faster than T~ even when o2 = 0.
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This lemma implies in particular that the estimators 62,6 Ug and 62, are rate-optimal. Together with the
continuous mapping theorem, this Lemma implies directly that At with model selection is pointwise con-

sistent. A ~7 without model selection is uniformly consistent if g, = 0, and inconsistent if g, > 0.

PROOF OF LEMMA C.1: For part (a), let §2 := 1= ZZ L6782 = Zt 9%, and 82 = yr——r Z Zt LWE

be the empirical variances of the projection terms a;, gt, Wit We can also verify that N_lVarNT(di) =
o2 +o2 T, 7 1VarNT(gt) = 0’ + 02 /N, and WVarNT(wzt) =o02.
Consider first the term 52: We can write

1 T 2 T 2 T 1 I T 2
.2
i <al+Tzwn> <al+Tzen> +z<az-+ zen)fzw(fzm)
t=1 t=1 t=1 t=1 t=1
Hence we have that
1 1 1 <& ’ 1
A2 2 2 _ . — . _ 2 - 2
(i) = 55{(eobEn) (i)
1 1 & 1 & 1 1 ‘o
2
159 9] R 97 KD SRR S 9 {5 S I
i=1 t=1 t=1 i=1 t=1
=: A+ A+ A3

By independence of the rank variables oy, v, €5 in the Aldous-Hoover representation and a martingale CLT,

2
A, =0p <Nl/2 (O’a + Tﬁl/zae) )
as N — co. Next, consider the term As: defining ¢, := ¢r(c) — E[ér(a;)] we can write

B - (5

=1 t=1 t=1 k=1

J:V o T T
= chkck/¢ik¢ik’ <Z 1/%) (Z 1/th/>
=1 kk =1 t=1
A T T
= ) crew <N Z¢ik¢ik’> (Z%k) <Z¢w>
koK' t=1 =1

=1

1 U 25 \ 5 50
= = > <]l{k =K} + \/—szk,) 25 2 (C.1)

kK

we have that

—_

2 |

Here, Zﬁik, = ﬁ Z?Ll(q;ikq;ik, — E[éikéik/]), where E[qziquik,] equals 1 if k¥ = k' and zero otherwise. In
particular, it follows that
A3 =0Op (Tﬁlo’g)

as N and T grow large. By similar calculations, we find that
) | N 1 X } 1 X

Op (N_1/2(0a + T_l/QJE)T_1/20U)

Ay
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noting that by construction E {aiq%k} = 0 for each kK = 1,2,.... Aggregating the contributions of the

individual terms A1, As, A3, we then obtain

1 2
82— <az + TO’i) =0Op <N_1/2 (O’a + T_l/QUe) + T_lag)

Similarly, we find that
1
§(2] — (o_g + NUi}) =0p (T71/2 (og + N71/206> + Nﬁlog)
Next, note that
;] NI
ﬁ Z Z vzt + 2uieir + e’Lt)

i=1 t=1
From calculations analogous to (C.1), we also find that

LSS o, (x )

Hence,
2 =02 =0p ((NT) 202 + (T2 4 N7Y/)02)
A2 .

The rates asserted in the Lemma then follow directly from the definitions of the variance estimators 67 :=
152
~NOw

For a proof of part (b), note first that it is sufficient to find a specific family of distributions under which

max{O,sa — Tsw}, og = max{O,sg

that rate cannot be improved upon. Specifically, consider the model
Yie = iy +€it

where «;, Vi, €+ are independent, a; ~ N(piq, 1), v ~ N(ug,1) for some piq, 1y > 0, and g5 ~ N(0,02).

To establish the rate for the contribution of terms depending on o2 to that bound, consider the case

0? = 0 and p, = 0. For this model, a; := E[Y|oi] = aipg and viy = ai(y: — pg), so that o7 = p2 and

02 = 1. Clearly, u, cannot be estimated from the original data at a better rate than from directly observing
()N, and (v)I_,. Furthermore, since 71,...,y7 are i.i.d., there exists no consistent test for the problem
Hy: uq = 0 against Hy : pg = T_1/2m for any arbitrary m, > 0. Since under Hy, o; = 0, whereas under
Hy, 02 = T~'m2, there can be no estimator for o7 that is consistent at a rate faster than T 102,

2

T he respective contributions of terms depending on o7, ag and o2 to the rate bound follow unrnediately

from standard arguments for the case of i.i.d. data, which can similarly be cast in terms of pairwise testing
problems between drifting DGP sequences. Finally, consistent estimation of o2 under all DGPs permitted

by our framework requires simultaneously solving these pairwise testing problems that gave us the respective

2
q7

rates, which establishes the claim for the rate of consistent estimation of o2. The respective upper bounds

rate contributions depending on o2, 02,02 and o2. Hence an upper bound is given by the slowest of these

on the rate for estimating ag and o2, follow from analogous arguments 0

From the previous result, it follows that the variance estimator S‘JQ\,T e 1S Pointwise consistent:

Corollary C.1. (Consistency of S%T7sel) Suppose that Assumption 2.1 holds. Then for the variance

estimator with model selection R

7"2 S2

NT~NT,sel
NT

P

-1 =0
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3, 02,02, For the variance estimator without model selection convergence is

uniform if q, = 0, but the estimator is inconsistent for q, > 0.

pointwise for any values of 02,0

Noting that Var (rNT (?NT — E[Ylt])) = 1, this corollary is an immediate consequence of the convergence
rates in Lemma C.1. In particular, if 02 = 0, Lemma C.1 (a) implies that 762 = O,(1), so that for any
divergent sequence K, — 00, T62 < K, with probability approaching 1, in which case ﬁa(ma) = 0. On the
other hand, if 62 > 0, then 62 = 02 + O,(N~'/2). Hence for the estimator with model selection, D,(r,) = 1
for any sequence k, such that x,/7T — 0. By the same reasoning, the selector ﬁg(lig) = 0 with probability
approaching 1 if 03 =0, and .[)g(lig) = 1 with probability approaching 1 if US > 0. The conclusions regarding
estimation without model convergence are immediate given Lemma C.1.

2 2 i1 2 _
05,0y With limp T'oy =

Ga, limy 02 = g4 and limy 7 03, = ¢y + ge. Therefore, the asymptotic variance of the sample mean

Proof of Proposition 4.1: Part (b) of Lemma C.1 implies that along sequences o2,

: \/ _ 1 2 2 2\
lim Var (VAT (Yir ~ E[Ya))) = lim (To? + Noj +0%) = gu+ a + 0 + e

cannot be estimated consistently unless ¢, = 0 or ¢, = g4 = 0. If the asymptotic variance cannot be
estimated consistently along a particular parameter sequence, it follows in particular that the asymptotic

distribution of Y7 cannot be estimated uniformly consistently, establishing the claim 0

In order to obtain the limit of the bootstrap distribution, we introduce some additional notation: for any
array (§;;), we let the operator Ey - [&it]ov] := % Zthl &+ denote the row-wise average for the T’ observations
in the ith row, EXp[&itlve] = % Zi\il &+ the column-wise average for the N observations in the ¢th column,
and E3 1 [&it] := ﬁ sz\il Ethl &+ the pooled average over all NT observations. We also decompose w;; =

éir = eir — Eypleit|ai] — Epleily] + Exrleil
v = vleny) =Y ewtr () k(i)
k=1

Given that notation we define the localized second moments of the projection terms,

T
G Nt = e N Eyrlad] = rir N2 Z i 4 nr = e T Exr[7] = INT 73 Z i
Qo NT = e (NT) " "Exr [eit]7 Oy NT = i (NT) "Ex[07]

Qok.NT = e N T Exrlaidr (o)), Qi NT = T Exr[gee ()]

for k=1,2,.... We then also write

* L * * * * * *
aNT = (Qe,NTvqa,NTﬂqg,NT?qal,NTvqgl,NTvqaZNT? )
and eyt := (c1,NT, C2,NT, - - - ), Wwhere we take the sequences cy7 and qiyp to be elements of 2.

We first consider convergence for a truncated version of the spectral representation for the sample mean
in (2.3) at some fixed integer K, 0 < K < o0,

N T
YJT/T,K = IENT zt + \/_ Za () + \/_ ng () + LT Z Zwlzwzteg(z (0-2)

i=1 t=1
1
VT

1 K 1 T
AT ,; “ VN ;wli (0r(ai)) — Exvr[én(as)] ; war (Vr(Vsy) — Enr e (Vs0))])

48



which is obtained by truncating the bootstrap analog of (2.3). This can be expressed in terms of the truncated
bootstrap process
S [ ek a,* g% p,x S % Sh,x A x
Zy NT = (ZNTaZ Z Z3 2y Ik L)
where we let
, N . T , N T
Sak NT ~ 5g,% NT ~ Sex NT
Dy == 2ty == D sy AT = o D1 D @i
i=1 t=1 i=1 t=1

and

N
200 = J%Z i (r(0s) — Exvelon(es))
T

5 = szt Uk(Ysry) — Evr [ (vs())])

fork=1,..., K.

To characterize the asymptotic distribution of YK,T’ x, welet Eyr ik € #? denote the truncated version of
the vector cyr = (¢1, N7, C2,NT, - - . ) of spectral coefficients in (2.3), where the first K components of En7 x
coincide with the first K components of ¢y, and all remaining coordinates are set to zero. We also define
the distribution

Le 0N = VA@Z+ N2+ 0> crZZ} + /1 2¢
k=1

where X := (A4, A\g), Z°, Zf, Zip, Zg, Z;Z’, ... are i.i.d. standard normal random variables, and Z¢, Z9 are

random variables with a standard normal marginal distribution and covariances Cov(Z?, Z;Z5 ) = Gak/\/a
and Cov(Z9, Z;f) = qgk/\/1g-

Lemma C.2. (Bootstrap CLT) Consider the bootstrap with shrinkage parameters Ant = (Aa,NT; Ag,NT)
and suppose that Assumption 2.1 holds. Then for any fired K < oo we have that

IPrr (vt (YR — Yar)) — L5 (@nT i, divrs 0 ANT)|[s0 2 0

PROOF: By Assumption 2.1, the third conditional moments of a;, 4, é;; given (Y :i=1,... ., N, t=1,...,T)
are almost surely bounded, so that from the same argument as in the proof of Theorem 1 in Liu (1988), the

Berry-Eséen theorem together with the Cramér-Wold device implies a joint CLT for the bootstrap processes,

‘ (Z;(,NT) — N(0, QET,K)HOO =op(1)
conditional on (Yit),_; ;. 7 almost surely. Here, Qyr i is a (2K + 3) x (2K + 3) matrix whose first

three diagonal entries are ¢; yps 4, N> and gy yp, and the remaining 2K diagonal entries converge almost

surely to 1. For k = 1,..., K the entries of @ corresponding to covariances between a; and ¢y («;) equal
q¥. nr. and the covariances between §; and 1 (v:) are equal to q;k nr- All other off-diagonal entries of
QN7 i converge almost surely to zero.

Rewriting (C.2), we obtain

K
TNT(Y]T[T)K - YNT) = ZX[’* + Z%* + Z;};w + ONT Z CkZ%;Z;{J}:
k=1
and it follows from the joint CLT and the continuous mapping theorem that

|PNr (Yarx) — £ (€nr 10, dvrs 0, AnT) || = 0p(1)
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establishing the claim O

Proof of Theorem 4.2. For bootstrap consistency it suffices to verify whether the limiting distributions
of the sampling distribution 7x7(Yy7 — E[Y;]) and the limit of the bootstrap distribution TNT(Y]T,T —YnT)
given the sample coincide. In what follows, we first consider the asymptotic distribution of the truncated
representation of the bootstrapped mean Y]T,i x defined in (C.2) and let €nr € €% denote the truncated
version of the vector ey = (c1,N7,C2,NT, - - . ) of spectral coefficients in (2.3), where the first K components
of €nr,k coincide with the first K components of cy7, and all remaining coordinates are set to zero.

For pointwise consistency of the bootstrap with model selection, note first that the local parameter with
both g, + ¢4 > 0 and g, > 0 can only be achieved at drifting sequences, so that this case is irrelevant
for point-wise convergence. By Lemma C.1 (a), dyr x — dNT K 20, and Mg, 5\g are consistent for Ag, Ag
whenever either g, + ¢4 = 0 or ¢, = 0, where convergence is pointwise. Hence together with the continuous

mapping theorem, Lemma C.2 implies that
[Pxr (v (Vg — Yar)) — £5(@ntx, a0 0, Ant)|| . 20

We can then use standard approximation arguments to conclude that the distribution of the truncated
version f’ﬁ}T’ x of the bootstrap mean can be made to approximate arbitrarily closely to that of ?JT,T by

choosing K large enough, so that
|Prr(rne (Yar — Yar)) — Pyr(rne (Yo x — Yar))|| o = op(1)
and
|L£*(EnT K5 0, ANT) — L7 (eNT, 95 0, ANT) ||, = 0P (1)
Hence pointwise convergence for the bootstrap with model selection follows from Theorem 4.1 and Lemma
C.2 together with continuity of £L*(En1,k,q, 0, A) in q, and the triangle inequality. The analogous result for
the pivotal bootstrap follows from Corollary C.1 together with the continuous mapping theorem.

For uniform consistency of the bootstrap without model selection, we first consider convergent drifting

sequences qyT,cyr with limits q and ¢, respectively. We also let

ant = (¢e,NT+ 4a,NT + Qe,NT + Qo,NT+ 49, NT + Qe,NT + Qu,NT, Qa1,NT+ dg1,NT» - - - )

and denote the subvector consisting of the first 2K + 3 components of qnr with qyr,x. Lemma C.1 (a)
implies that qy, x — Qnr,k converges in probability to zero for each K < oo, and ;\a, ;\q are consistent for
Ae and Ay along such a sequence whenever g, = 0. Convergence for the bootstrap without model selection
along the convergent sequence gy then follows from the same arguments as for the pointwise case, noting
that under Assumption 2.2 (b), the approximation error in (2.3) from truncation at K < oo can be controlled
uniformly under drifting sequences for cy7.

The conservative bootstrap is identical to the bootstrap with model selection except in the event ﬁa(ma) =

)‘;a Efil a;y, A N(0,1), and for D,(k,) = 0,

0or Dy(ky) = 0. For Dy(ka) = 0 we have by inspection that X

we have \/szJ Zthl 9ip 4N (0,1), whereas the other components of the bootstrap distribution coincide
with their analogs for the bootstrap with model selection.

This establishes the claims of the Theorem under any convergent sequences qn7,cy7. To conclude the
proof it remains to show that it is in fact sufficient for uniformity to consider convergent subsequences for
which the appropriately normalized parameters converge to proper limits. Here we can adapt an argument

from the proof of Theorem 1 in Andrews and Guggenberger (2010), noting that the limiting sequences for the
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truncated version spectral representation ?NT’ x and its bootstrap analog, f’ﬁ}T’ x in the proofs of Theorem
4.1 and Lemma C.2 are both indexed by finite-dimensional subvectors of ¢ and q. Since g, +¢qg+qv+¢e =1,
such a subvector of q can only take values in a compact set, and the norm ||enr k||? < Eszl e < oo by
Assumption 2.2. Hence such a convergent subsequence for these subvectors can be extracted from (qn7, cnT)
by the Bolzano-Weierstrass theorem, and the truncation error can then be made arbitrarily small by choosing

K large enough. O

Proof of Theorem 4.3. We can establish the refinements of this bootstrap procedure by verifying the
conditions for part (ii) of the main theorem in chapter 5 of Mammen (1992).
First note that the third moment of a; under the sampling distribution is
N 2 1
Efa] — (Baf] + R Elasu] + 75Elud] ) (1+00/)
where we used the fact that w;; is mean-independent of a;. By the assumptions of the theorem and a central

limit theorem, we then have

N
Exrl(aiy)’] - Elaf] = %Z(&f’ —E[a}]) = Op(N~YV?).

Hence, for the processes

1 Y 1 Y
We — — a; and W&* (= — a;

we have that
o [(937)] - 2| (9%)| = 52 5erliar ) - ) = 0p (v

This amounts to establishing condition DIF Fr(3,C) in Mammen (1992) for the process Wﬁ,* Verifying
the conditions DIFFg(2) and VAR(2) follows similar steps and is more standard. Note that by inspection
of the expression for E[a3], the conclusion does not hold in general under arbitrary drifting sequences for the
second and third moments of a;, w;;. Using the same arguments, we can establish conditions DIF Fr(3,C),
DIFFs(2), and VAR(2) for W&* := \/LT Zthl g;p at the respective rates in T'.

For the analogous results for the component W := \/% S e},.5» note that by assumption E[w}] =
E[w$] = 1 and the draws are independent, so that that E[(w;w;)®] = 1. Hence, the third moment of e}, under
the bootstrap distribution also converges in probability to the third moments of e;;, ¢* (a;), ¥*(v¢) under the
sampling distribution, using standard arguments analogous to the previous case. In particular, conditions
DIFFr(3,C), DIFFs(2,C) and VAR(2) in Mammen (1992) hold for Z5 at the respective rates in NT.
Furthermore, convergence in each of finitely many components implies joint convergence of cumulants for all
three components. Since we only consider pointwise convergence for cases with g, > 0 the contribution of
the Wiener chaos component is asymptotically negligible.

By construction, WZ‘\I, and WT‘] and their bootstrap versions WX,* and W%* are independent. Also, the
components of WJ‘\’,, Wj‘i, Wﬁ,T as well as their bootstrap analogs are asymptotically uncorrelated. For third
cumulants of weighted sums of ZAJ‘(, and Z%, we also need to consider the moments

Elaiw}] = Elaiwy](1 + O(1/N))
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where EX.[a} (w,)?] — E[a;12] = Op(N~1/2) by an analogous argument as for the third moment of aj,. By

similar arguments as for the third moments of a; and g;, for any weights s1, s2, s3 > 0, we then have
R . . 3 . . . 3
By [(le;\I,’* + s WE" + s Wi ) } ~E [(leZ‘\I, + s Wi+ s Wi ) ] = Op(N 7Y

with the analogous conclusion for weighted sums of Z% and ZJ%T and their bootstrap analogs.

Since under ¢, = 0, e B Ay and 5\g — A\g pointwise for the bootstrap with or without model selection,
we can combine convergence of the cumulants of the joint distribution of the individual components to verify
that the conditions DIFFr(3,C), DIFFg(2), and VAR(2) also hold for the weighted sums with rates in
N if o, > 0 (T, respectively, if o4 > 0), or NT if 0, = 05, = 0 and 0. > 0, so that the conclusion follows
from the main theorem in chapter 5 of Mammen (1992). The analogous conclusions hold for the conservative

bootstrap only if ¢¢ + ¢, =0 O

C.1. Proof of Proposition B.1: The main arguments from the Proof of Theorem 4.2 hold after a few
minor modifications of the arguments for the case g, = 0. The only major complication arises if the second-
order projection term ﬁp? Zi\;l Zthl Wirvge is of first order as we take limits. In that case, the terms
NLTZ; Zﬁl Z;‘ll Wisdp (i )r (¢) of the sparse representation can in general no longer be represented in
terms of separate sample averages of ¢y (;) and ¥y (), respectively.

We first consider the case of dyadic data, where the components of the second-order projection term takes

the form
1 L 1
= N7 ZZ Wit (i) pr(aj) = N—2]§¢;“W¢k 2N2—¢k(W + W)y,

for the vector ¢ := (¢k(a1) ..,¢k( ~))’. To characterize the limit distribution for N,/pQy, let Zy ~
N(0,Iy) and Qi = 2N2 Z, (W + W')Zy. Conditions for convergence of N\/pQj, to N\/_Qk were given by
Gotze and Tikhomirov (1999), noting that the matrix W + W’ is symmetric.

Now, by Assumption B.1 (a), we either have that sup,_; yp; — 0, or that limy p > 0. Hence we only
need to distinguish two cases regarding the asymptotic behavior of p;. For the first case with sup,_;
0, Corollary 2 in Gotze and Tikhomirov (1999) implies that

o(NPQr, Nv/pQr) < (Bl (cv)[*)? sup VPpi

i=1,.

.....

where o(X,Y) := sup, |Fx(z)— Fy (z)| for any two random variables X, Y with respective c.d.f.s Fx and Fy.
Furthermore, in this case the asymptotic distribution of N,/pQy is Gaussian. By an analogous argument,
we also find that the distribution of the bootstrap analog N,/pQ} converges to N\/ﬁék, so that bootstrap
consistency follows from the triangle inequality. For the second case with p bounded away from zero, p; is
bounded away from zero by a constant for at least two distinct units in {1,..., N}. In that case, consistency
follows instead from Theorem 3 in Gé&tze and Tikhomirov (1999).

An extension to multilinear forms for the case in which each dimension of the random array corresponds
to a different type of sampling unit can be obtained in a straightforward manner after stacking the random
variates ¢ (a1), ..., dr(an), Yr(71), - - -, i (yr) and considering the symmetric quadratic form corresponding
to the (N +T) x (N + T) matrix A = [0, W; W'0] O
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